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42 AREA

and since 20 + 25 + z = 180 — z, then
cos(2c + 283 + z) = cos(180 — z) = — cos 2.
Also, since AB = AC and AD = AE,

BE? = AB* + AE? + 2AB - AF cos »
CD® = AB%* + AE® — 2AB - AEcos 2.

Adding these two equations, we have
BE? + CD* = 2AB* + 2AE?,

that is,
CD? =24B? + 2AE* - BE>.

Now, M is the midpoint of BE in AABE, and from Apollonius’ Theorem,
we have

1
AB? + AE? = 2AM? + 2BM? = 2AM* + 5BE"’,

and
CD? =2AB? + 2AFE? — BE? = 4AM?;

thatis, CD = 2AM.



92 THE PRODUCT OF DIRECT ISOMETRIES

Solution. In the figure,

A
a4
B ’Y'/
B C
we have
Rpag Reay = Ra(g4q),
so that

Rasa RBog Rooy = Raga Baa+y) = Ba2(a+84+y) = Raseo =1

Similarly,

RooyRapa RBog=1 and  RpagRcoyRaose =1

25. Let perpendiculars erected at arbitrary points on the sides of triangle AABC
meet in pairs at points P, (), and R. Show that the triangle PQ R is similar to
the given triangle.

B C

Solution. A 90° rotation of AABC into AA’B'C’ leaves the sides of
AA'B'C parallel to the corresponding sides of APRQ.

By the AAA similarity theorem,

AA'B'C' ~ APQR,



142 RECIPROCATION AND THE EXTENDED PLANE

d is a fixed line, F is a fixed point in the plane not on the line, dist(X, d) is the
perpendicular distance from the point X to the line d, and € is a fixed positve
constant.

To obtain the Cartesian equations of the conic, we assume that the focus F is
at the point (0, 0), d is a vertical line perpendicular to the z-axis through the
point (—r, 0). The Cartesian equations of the conic are then

rel 2+ y? re \*
T — = )
1-¢2 1—¢2 1—¢€?

This is of the form

provided

? <1~e2>(1—1%5)2

that is,

and solving for e we get

/ b2
€= 1—&-2'

Substituting this into the first equation, and solving for r we get
b2
Va2 — 2

13. Find the Cartesian equations of the following conic sections:

r =

(a) foci: (£8,0),e=0.2.

1
(b) foci: (x4,0), directrix: z = 36
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