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Chapter 1

Introduction to Differential Equations

1.1 Definitions and Terminology

1. Second order; linear

2. Third order; nonlinear because of (dy/dx)*

3. Fourth order; linear

4. Second order; nonlinear because of cos(r + u)

5. Second order; nonlinear because of (dy/dx)? or \/1 + (dy/dx)?
6. Second order; nonlinear because of R?

7. Third order; linear

8. Second order; nonlinear because of 2

9. Writing the differential equation in the form z(dy/dz) + y? = 1, we see that it is nonlinear
in y because of y2. However, writing it in the form (y? — 1)(dx/dy) + = = 0, we see that it is

linear in .

10. Writing the differential equation in the form u(dv/du)+ (1+u)v = ue* we see that it is linear
in v. However, writing it in the form (v+wuv —ue®)(du/dv)+u = 0, we see that it is nonlinear

in u.
11. From y = e~ %/? we obtain ¢/ = —%e“”/Q. Then 2y +y = —e %/2 + e=%/2 = .

12. From y = & — 2e72% we obtain dy/dt = 24", so that

dy —20¢t 6 6 —20t
— 4+ 20y=24 20 = — = = 24.
2t + 20y e + 20 5 5e

3

13. From y = €3 cos 2z we obtain ' = 3e3* cos 22 —2¢3% sin 22 and y” = 5e3* cos 2 — 1237 sin 2z,

so that y” — 6y’ + 13y = 0.
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198 CHAPTER 4 HIGHER-ORDER DIFFERENTIAL EQUATIONS
58. Writing cos® z = (1 + cos 2z) and applying D(D? +4) to the differential equation we obtain
D(D? +4)(D? +4) = D(D* + 4)* = 0.

Then

Y = €1 €08 2x + c2 8in 2x + c3x cos 2x + c4x sin 2x + c5

Ye

and y, = Az cos 2z + Bz sin 2z + C. Substituting y, into the differential equation yields

1 1
—4Asin2x 4+ 4B cos 2x + 4C = 3 + 5 cos 2.
Equating coefficients gives A =0, B =1/8, and C' = 1/8. The general solution is

1 1
Y = €1 CO8 2T + co sin 2x + gxsin2x+ 3

59. Applying D? to the differential equation we obtain

D3(D? +8D?) = D5(D +8) = 0.

Then

y=c1+ cox + c3e” 5 + eqx? + exad + gt

Ye

and y, = Az? + Ba? + Cz*. Substituting y, into the differential equation yields

16A + 6B + (48B + 24C)x + 96Cz* = 2 + 92 — 62

Equating coefficients gives

16A+ 6B =2
48B +24C' =9
96C = —6.

Then A =11/256, B =7/32, and C = —1/16, and the general solution is

11 7 1
_ —8x 2 3 4
Y =]+ Cx + c3e +—256x +—32x _16:6 .

60. Applying D(D — 1)2(D + 1) to the differential equation we obtain

DD -1)*D+1)(D*-D*+D—1)=D(D —1)*D+1)(D*+1) =0.

Then

y=c1e® 4+ cacosT + cgsinz + ¢4 + cse T + cgze® + crre”®

Ye
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298 CHAPTER 5 MODELING WITH HIGHER-ORDER DIFFERENTIAL EQUATIONS

57. Solving 1¢” + 10¢' + 100g = 150 we obtain ¢(t) = e '%(cy cos 10t + cosin 10t) + 3/2. The
initial conditions ¢(0) = 1 and ¢/(0) = 0 imply ¢; = ¢co = —1/2. Thus

1 3
q(t) = —56710t(cos 10t + sin 10¢) + 3

As t — o0, q(t) — 3/2.

58. In Problem 54 it is shown that the amplitude of the steady-state current is Ey/Z, where
Z =+vX?2+ R? and X = Ly —1/C~. Since Ej is constant the amplitude will be a maximum
when Z is a minimum. Since R is constant, Z will be a minimum when X = 0. Solving
Ly —1/C~ =0 for 4 we obtain v = 1/v/LC'. The maximum amplitude will be Eg/R.

59. By Problem 54 the amplitude of the steady-state current is Fy/Z, where Z = VX2 + R?
and X = Ly — 1/C~. Since Ej is constant the amplitude will be a maximum when Z is a
minimum. Since R is constant, Z will be a minimum when X = 0. Solving Ly — 1/Cvy =0
for C' we obtain C = 1/Ly?.

60. Solving 0.1¢” + 10¢ = 100sin vt we obtain
q(t) = c1 cos 10t + ¢ sin 10t + ¢, (t)
where g,(t) = Asinvyt + B cos~yt. Substituting ¢,(t) into the differential equation we find

(100 — 4*)Asinyt 4 (100 — 4?) B cos vt = 100 sin t.

100
Equating coefficients we obtain A = 100/(100—~?) and B = 0. Thus, g,(t) = 1002 sin vyt.
The initial conditions q(0) = ¢/(0) = 0 imply ¢; = 0 and ¢z = —107/(100 — ~?). The charge
is
(1) = —0_(10sint — 4 sin 10¢)
= 11 — 111
q Top o2 (L0sinTt — s

and the current is

. 100~
i(t) = m(cos ~t — cos 10¢).

61. In an L(C-series circuit there is no resistor, so the differential equation is
d’q

1
LW +5Q—E(t)

Then q(t) = ¢; cos <t/\/ LC’) + co sin (t/\/ LC) + gp(t) where g,(t) = Asinyt + B cos~t.
Substituting ¢,(t) into the differential equation we find

1 1
<5 — L72> Asinvt + (5 — L'y2> B cosyt = Egcos~t.

Equating coefficients we obtain A = 0 and B = EqC/(1 — LC~?). Thus, the charge is

. 1 EyC
t 4+ co sin t+ cos L.

VLC — 1—LCH?

q(t) = c; cos

1
VvVLC
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398 CHAPTER 6 SERIES SOLUTIONS OF LINEAR EQUATIONS

From the last result and using v = 3/2 we obtain

3J3)2(w) = w5 /5(x) + 2J1 j2()

Jsja(w) = %Js/Q(UC) — Jy2(7)

3 2 [sinx 2
= —4/— —cosx | —\/— sinx
T\ mx T T

2 [(3 ) . 3COSSE:|
=4/ — —2—1 sinx —
mx |\ & x

From the last result and using v = 5/2 we obtain

5J5/2(%) = xJ7/9(x) + 2J3)5(7)

5
J7p2(x) = =J52(x) — J3/9(2)
x
5 /2 <3Sinx 3cosx . ) 2 <sinx >
=/ — 5 — —sinx | — 4/ — —cosx
x\ mx x x e\

2 15 6 . 15
=1/ — — — —|sinx— | — —1)cosz

33. (a) To find the spherical Bessel functions j;(z) and ja(z) we use the first formula in (30),

. T
n(z) = %% Jnt1/2

with n =1 and n = 2,

@) = dyale)  and ale) = [ o).

Then from Problem 32 we have

J3o(x) = Vo (Slzx — cos :c) so  ji(z) = ——

z? x
and
3 si 3 3 1 3
J5/2(x) = Vo < S;I;x — CZS:C - sinm) SO Jo(x) = <$ — E) sinx — C;S:C
(b) Using a graphing utility to plot the graphs of o.d N\
ji(x) and ja(x), we get the red and blue graphcs 0.3 /},\' ;
in the figure to the right. 0.2t / Y\
0.1/ « S XX 7
/) |\ /0K
- B\ /16" \\\"'}5/* 207
S WX 7
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498 CHAPTER 7 THE LAPLACE TRANSFORM

31, f()=2—-2U(t—2)+[(t—2)+ AUt —2) =2+ (t—2)% (t — 2)

LU0y =2 4 e

S

2 1
L) = 72 + e

32, f(t) =t—tU(t— 1)+ Q- OU(t—1)—2-)W(t—2) =t —2(t— DU (t— 1)+ (t - 2)% (t —2)

1 2 1
LBy =5 -5+ 8_26_23
1 2 (s— 1 —o(s—
L{etf(t)} = e (3—1)26 (s=1) 4 (8_1)26 2(s—1)

33. The graph of
FO) =—142> ()" % (t—k)=—1+42% (t—1)—2% (t—2) + 2% (t —3) — -
k=1

18

One way of proceeding to find the Laplace transform is to take the transform term-by-term

of the series:

1 2 2 2
L{fH)y=—+ZeF—Ze @4 Ze 3 ... «—  geometric series
s s s s
For s > 0,
1 2 1 2 e’
@ t — _ = = —-s __ _—32s —3s _ ... — _ = =
{f(t)} S—i-s[e e +e ] s+s =

et -1

C s(l+e9)

Alternatively, since f is a periodic functions it can also be defined by

where f(t+2) = f(t).

-1, 0<t<1
ﬂﬂz{

1, 1<t<2,
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698

16.

17.

18.

19.

20.

21.

22.

23.

CHAPTER 12 BOUNDARY-VALUE PROBLEMS IN RECTANGULAR COORDINATES

I. If A =0then X" =0and X(z) = ciz+co. AlsoY”" =Y =0and Y (y) = ¢3coshy+cysinhy
SO
u= XY = (c1z + c2)(c3 coshy + ¢4 sinh y).

II. If A= —a? < 0then X” —a?X =0 and Y” + (a? — 1)Y = 0. The solution of the first
differential equation is X (x) = c¢5 cosh ax + ¢¢ sinh cwz. The solution of the second differential

equation depends on the nature of a? — 1. We consider three cases:

(i) Ifa?—-1=0,or a®? =1, then Y(y) = cry + cg and

u= XY = (¢5cosh ax + ¢ sinh ax)(cry + cs).

(ii) fa?—1<0,0r 0 < a? < 1, then Y(y) = cg cosh V1 — a2y +cjgsinh /1 — a2y and

u= XY = (¢5 cosh ax + ¢g sinh ax) (09 cosh V1 — a2y + cipsinh /1 — a2 y) )

(iii) If a®> —1>0, or a® > 1, then Y (y) = c11 cosvVa? — 1y + ciasinva? — 1y and

u= XY = (c¢5cosh ar + cgsinh ax) (cll cosvVa?—1y+ciasin Va2 — 1y) .

III. If A= a2 >0, then X” +a?X =0 and X (x) = c13cos ax + c14sin ax. Also,
Y" —(1+a?)Y =0 and Y(y) = c15coshv1+ a2y + cigsinh V1 + a2y so

u= XY = (c13cos ax + c14sin ax) (Cl5 cosh /1 + a2y + cigsinh /1 + o2 y) )
Substituting u(z,t) = X (x)T(t) into the partial differential equation yields a®? X" T—g = XT",
which is not separable.
Identifying A = B = C = 1, we compute B?> — 4AC = —3 < 0. The equation is elliptic.

Identifying A = 3, B = 5, and C' = 1, we compute B?> — 4AC = 13 > 0. The equation is
hyperbolic.

Identifying A =1, B =6, and C = 9, we compute B2 —4AC = 0. The equation is parabolic.

Identifying A =1, B = —1, and C' = —3, we compute B?> — 4AC = 13 > 0. The equation is
hyperbolic.

Identifying A = 1, B = —9, and C = 0, we compute B2 — 4AC = 81 > 0. The equation is
hyperbolic.

Identifying A = 0, B = 1, and C = 0, we compute B> — 4AC = 1 > 0. The equation is
hyperbolic.

Identifying A =1, B =2, and C = 1, we compute B2 — 4AC = 0. The equation is parabolic.
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798 CHAPTER 13 BOUNDARY-VALUE PROBLEMS IN OTHER COORDINATE SYSTEMS

SO
Apy=0, A1+B1 =0, Cy+ Dy =75,

and
A, +B,=0, C,+D,=0, for n> 1.
When r =2
1 2T
A0+Bgln2:—/ 60cosfdf =0
27T 0
1 27 0, n>1
A2" + B,27" = —/ 60 cos 0 cos nf db =
T Jo 60, n=1
1 (0.)
C’n2”+Dn2_":—/ 60cosfsinnfdd =0, n=1,2,...,
™ Jo
SO . )
By =0, 2A1+531:60, 26’1+§D1:O,
and

A2+ B,27"=0, C.2"+D,27" =0, for n > 1.

Whe have Ag = 0 and By = 0, and solving the nonhomogeneous systems for n = 1,

A1 +B1 =0 Ci+Dy =75
1 1
2A1—|—§B1:60 201—|—§D1:0
yields Ay = 40, By = —40, ¢y = —25, and D; = 100. Finally, solving the homogeneous
Systems
A2"+B,27" =0 C2"+D,27" =0

gives A, = B, = C, = D,, =0 for n > 1. The solution is then
u(r,0) = (Alv“ + Blrfl) cos 0 + (Clr + Dlrfl) sin 0

= (4—r—40r"") cos 0 + (—25r + 100r~") sin 6
1 4

=40 <r — —> cosf — 25 (7’ — —) sin 6.
T T

Pu 10w 1 o
or2  r Or 12 002

u(a,0) =0(r—0), ub,0)=0, 0<6<m,

14. We solve

=0, 0<f<m, a<r<hb,

u(r,0) =0, u(r,m)=0, a<r<b.
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898 CHAPTER 14 INTEGRAL TRANSFORMS

By writing the boundary condition z = 0 as
u(0,t) =ug —upZ (t —1)

its transform is

U  Uo _
U@,s) =———e*®

s s

up  Up

cg=———e€
s s
V5T V5T
—S
U(z,s) =uo — U e
s s

—V/sx —V/sx
u(z,t) :u[)gl{e } —uofl{e es}
s s

by entry 3 of Table 14.1.1 and the inverse form of the second translation theorem that:

u(z,t) = ug erfc (%) —ugerfe <2¢%> Ut —1)

x
ugerfc [ — |, 0<t<1
" <2ﬁ>

or

u(x,t) =

ug erfe <i> — ug erfc (L) t>1
0 NG 0 NWi-1)' '

18. The Laplace transform with respect to ¢ of the partial differential equation gives

d2
—Z —sU ==50 so U(x,s)=cre V™" 4 cpeV™ + )
dx s

The boundary condition

50
lim u(z,t) =50 implies lim U(z,s) = —
s

T—00 r—00

so we take co = 0. Thus

50
Ulz,s) = cre Vo + =,
s
The transform of the boundary condition at x = 0 is
100 100
U0,s) = —e ™ — ——¢ 105,
S S
Since
100 55 100 105 _ o Y
s S
we have

50 100 55 100 o,
S S S

Cl1 —
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