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Chapter 1

Flunctions

1.1 The Real Numbers

1. Notice that 4-16 = 64 >> 63 = 9.7. Multiplying by the positive number 1/(9-16), we have (4-16)/(9-165 >
(9-7)/(S-16) or § > -%. Therefore, a > b.

2. Notice that 7 - (0.142857) = 0.999999 < 1. Multiplying by the negative number —1, we have that
~T7- (0.142857)/7 > —1 or —0.142857 > —1_ Therefore a < b.

3. Since 7? > (3.14)? = 9.8596, we have a > b.
4. Since (3.2)2 =10.24, a > b.
5. (1.41)2 = 1.9881 < 2, s0 /2 > 1.41.

T 6. (3.3)? = 10.89.< 11, so v11 > 3.3.
7. Closed, bounded: ———fmomd —
. -4 5

8. Opén, bounded: ——fmm—at—
—9 i g

9. Open, unbounded: w==amed—w 7

3
10. Half-open, bounded: —M—» x s .
3 - -
T Closed, unbounded:  ——frmmsansce-z: ) e
0

12. Open, bounded —f===}—
5 7

13. Closed, unbounded: === —— x

-1
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14. Closed, bounded: ——{1—-—-;—> T

—z 2
15. (—3,4)
16. {—00,3) -
17. (1,00) )
18. (—o0,0)

19. If =6z —2 > 5, then —6z > 7,80 x < —%. Thus the solution is {—c0, -—%).
20. If4 — 3z > 7, then —3x > 3,50z < —1. Thus the solution is (—oo,—1}.
2. If -1 <2r~3<4,then2<2x <7, s01 <z < Z. Thus the solution is [1,2).

29 If 0.1 < 3z +4 < 0.1, then —4.1 < 3z < -39, so —4.1/3 <z < —1.3. Thus the solution is
(—4.1/3,-1.3). :

93. From the diagram we see that the solution is the union of (—co, —%] and [1,00).

r—1 - — - = = = - 0 + + +
g4l - -0 + 4+ +++++F
(z-D(E+L) ++0 — —— -0 + + +
T

94 From the diagram we see that the solution is the union of (—oo, 1] and [2,3].

z2-1—- -0 +++ ++ + ++
r—2 — — — — = 0 ++ + + +
=3 - - - - - — = = 0 + +
@E-1Ez-2E-3) - -0+ +0 -0+
s e

1 2 3

95. From the diagram we see that the solution is the union of (—o0, ~1) and (0, ).

r - —— -0+ +++++
-2 - - - - ---- 0 + +
z+d - -0+ + ++ 4+ ++F
cle—DEtl) - -0 +0 - - -0+ +
e 1 ‘
2
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26. From the diagram we see that the solution is the union of {~2,0) and (1, c0).

T - - - - - - 0+ + + +
z—-1 - — = = = = = = 0+ +
42— — 0 4+ + b F b+
i : + 440 ++
(z—1)=z+2)
oo
-2 0 1

27. From the diagram we see that the solution is the union of (—oo, —3) and (—1,0).

-1 +++++++++ 0+

x4+l - — - = — — 0+ + + +
T+3 - — 0+ + + 4+ + + + + -
(2z —1)?
S St A —_— 0
G+ T O
> ¢ T
-3 -1 3

L~2 - — — — — — — — — 0 +
2z —3)(4zx + 1
@At 6 4 h b0 - 4
x -2
- ——
—1 3 9
4 2

29. The given inequality is equivalent to;2z%(2x —3) < 0. From the diagram we see that the solution is
('"'OO) %] :

2+ + 0+ + 4+t
2 -3 - — — - — — — 0+ + + —-

222 —-3) - — 0 — — — — 0 + + +

Fl
¥

0

2] =t

30. The given inequality is equivalent to (3z 4 1)(z — 1) > 0. From the diagram we see that the solution
is the union of (—oo, —| and (1, co).
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31.

32.

33.
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3x+41 -~ -0 ++ +++ + + +
Bl - —— —— = = 0+ +
Bz+Dz-D++0 -~ —— -0+ ++
~ ; v
-1 1

The given inequality is equivalent to (8> — 1) /x% > 0. From the diagram we see that the solution is
(3,00)-

83 -1 — - — ———— 0 + 4+ +
22+ + 0+ +++++++
-1 ___ o4+
x2
} ¢ x
0 i

The given inequality is equivalent to (82> 4 1)/x? < 0. From the diagram we see that the solution is
(—00: _% .

8°+1 — — 0 + + + + + + + +

22+ ++++++0+++
8$3:1‘——0++++ + + +
T

{
=
o

The given inequality is equivalent to

4z(z + VB)(z — V6)
(z+2)(=-2)

< 0.

From the diagram we see that the solution is;the union of (—oo, —V6), (—2,0), and (2, V6).
P

z+VE -0 + + + +++ +

-6 - — — — — — — — —~ 0 +

z2+2 - - -0+ ++ + + + +

-2 - — - - — = - 0+ + +

E+ V-V . g, _o 4

(Zz+2)(z~2)

N | £ Y [Y ) - T

“:—?/6 50 2 V6

ke
4
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34. Since (z2 + 1)3 > 0 for all z, the given inequality is equivalent to 2x(x -+ V3)(x — +/3) > 0. From the
diagram we see that the solution is the union of [—v/3,0] and {V/3, o0).

T — - - - - 0+ + + +
g+vV3 — — 0+ 4+ ++ ++ + +
T-V3— - - - 0+ +
2e(z 4+ VI +VI) - — 0+ + 0 — — 0 + +
1 I T

o k
-v3 0 V3
35. The given inequality is equivalent to

(t+2)(t - 1) t+2.
trireoiE 20 T Gre—E =

From the diagram we see that the solution is the union of (~co, —2], (—1,1), and (1, o).
t+2 - ~ 0 + + + + + + + +
(t+1® - — - =0 + + + + + +

E-12 + + ++ +++ + 0+ +
2

— 0 —
Grie-oe Tt ++ 4+ o+ 4+
| ——t % x
—2 —1 1
36. The given inequality is equivalent to
E+ 1t —3)
-5 3

that is, (¢ + 1)/(t —5) > 0 and ¢ # 3. From the diagram we see that the solution is the union of
(—o0, —1) and (5, 0o).

tHl = — 0 + + 4+ + + + + +
t—5 —— — — — — — — 0 + +
E+1{E-3)
VEIATY b0 - - - -
G-5-3 & +
- ——t T —-
—1 3 5 _

37. Observe that +/§ — 6z is defined only for x < 3 = 5 and that V9 —6z > 0 for z < 2. Thus the given
inequality is equivalent to the pair of inequalities z < 3 and 2 —z > 0 (that is, = < 2). Thus the

solution is (—o0, %)

38. Observe that (1 — z%)Y2 is defined only for —1 < z < 1 and that (1 — z?)V/? S 0for -1 <z <1,
Moreover, 2% — 1 = 2(z + vV2/2)(z — v2/2). Thus the given inequality is equivalent to the pair of

y
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inequalities —1 < z < 1 and 2z + V2/2)(z — V2/2) < 0 (that is, —v2/2 <z < Vv2/2). Thus the
solution is (—v/2/2,v2/2).

39. The given inequality is equivalent to

103 3z + 1) -
~2s0 T3 oy,
241 2°°0 % 2@+

From the diagram we see that the solution is (—1, -—%)

T+ — - - — — — — - 0+ +
z4+1 - -0 ++ + + + + + +
—3(z +3)
13 + 0 — —
2z + 1) th
L 3 T
LY 7
-1 _%
40. The given inequality is equivalent to
B Y o 4
+2<0, or ——(—i) < 0.
—x 3—zx
From the diagram we see that the solution is (3, £).
:l:“-%‘ ———————— 0 + +
3—-z++4+0 - - — — — — — —
— _1
2= 3) e 0 + +
3—x
3 T
AS 7
3 z
41. The given inequality is equivalent to .
z+1 1 z+3
— = < — < 0.
=1 550 o Ty S
From the diagram we see that the solution is {3, 1).
243 -~ 0 + + + + ++ + +
zr—1 - - — — - — — — 0 + +
z+3
0 -=---- + +
e-pn Tt
'[ jo
-3 1
6
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42. The given inequality is equivalent to

- _ —8/13
2 5:c+2>0 or 13z+8>0 13(z — 8/ )>

AT ZO/20) 5 0,
3 4z 7 3—4z == % Taqz—3/4) —

From the diagram we see that the solution is the union of {—oo, —%] and (%, o).

-5 - -0+ ++ 4+ 4+
:r—% ———————— 0 + +
813,
Ble-g) | g oo - +
4(@-2)
= ¢ T
kA 3
13 4
43. —|-3|= -3 _
44. l_ﬂigz(\/ﬁyzg

45, |-5|+ 5] =5+ 5 =10

46. |-5|—|5] =5-5=0

47. |z =1if x = 1 or —z = 1; the solution is —1, 1.
48. lzgl =wifz =7 or —x - w; the solution is —w, 7.

49. |z —1]=2ifz—~1=2(sothat z =3),or —(x —1) =2 (sothat ~z +1 =2, or z = —1); the solution
is —1, 3.

50. 2z — 4| =1 if 22 — 1 = 1 (so that 2z =1, or z = ), or —(22 — 3) = ; (s0 that —2x =0, or ¢ = 0);

the solution is 0, %

51. |6z + 5 —=0if6x+5=0,0rz = —%; the solution is ~%.

52. |3 — 4| = 2 if 3 — 4z = 2 (so that —dx = —1, or z = 1), or —(3 —4z) = 2 (s0 that 4z =5, or = = });

the solution s %, %.

53. If |z| = |#}?, then either |z| = 0 or we may divide by |z] to obtain 1 = |z| (so that z = —lorr = 1).
The solution is —1, 0, 1. T

5

'

CIf|z| =i —=], theneither x =l —zor ~z =1-z. lfx =1—z,then2r = L,orz = 5. lf ~x = L=,

then 0 = 1, which is impossible. The solution is §.

55. If |z + 12 + 3|z + 1] —4 =0, then (Jz + 1|+ 4)(Jz + 1| — 1) = 0. Since |z + 1] + 4 # 0 it follows that
|z+1] —1 =0, or |z + 1| = 1. Thus either z + 1 =1 (so that z = 0), or —(z +1) =1 (so that —x = 2,
or x = —2). The solution is 0, —2.
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58.

59.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71

72.

73.
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Tetw = |r~2|. Then |z—2|2—]z—2| = 6 becomes u?—u =6, or w?—u—6 =0, so that (u—3)(u+2) =0,
and thus « = —2 or » = 3. Since u = |z — 2| >0, it follows that « = 3, so 3 = u = |z — 2|. Therefore
either = — 2 = 3 (so that z =§), or—{z — 2) = 3 (so that z = —1). The solution is —1, 5.

If |z + 4| = |= — 4], then either z +4 = z -4 (so that 4 = —4, which is impossible); or z +4 = —(z —4)
(so that 2z = 0, or £ = 0). The solution is 0. .

If |z — 1] = |2z + 1], then either  — 1 = 2x +1 (so that z = —2),or z — 1 = —(2z + 1) (so that 3z =0,
or £ =0). The solution is -2, 0.

Iflz—2| <1, then -1 <z —2 <1, 0r 1<z <3. The solution is (1, 3).

. If |z — 4] < 0.1, then —0.1 <z —4 < 0.1, or 3.9 < z < 4.1. The solution is (3.9, 4.1).

If | 4 1] < 0.01, then —0.01 < z+1 < 0.01, or —1.01 <z < —0.99. The solution is {(—1.01,—0.99).
If [+ 4] €2, then ~2 <z +3 <2, 0t —§ <z < 3. The solution is ~2.31

If |z + 3| > 3, then = + 3 > 3 (so that = > 0), or —(z +3) = 3 (so that = < -6). The solution is the
union of (—oo, —6] and {0, o).

If |z — 0.3 > 1.5, then = — 0.3 > 1.5 (so that = > 1.8) or —(z —0.3) > 1.5 (so that —z > 1.2, or
x < —1.2). The solution is the union of (—oc0, —1.2) and (1.8, c0).

If {2z +1| > 1, then either 2z +1 >'1 (so that = > 0), or —(2z+1) 2 1, (so that 2z < —2, or x < —1).
The solution is the union of {—oco, —1] and [0, c0).

If[3z —5] <2, then —2 <3z —5<2503 <3x <7 0r 1 <z <% The solution is {1, 11

If |2z — %{ > %, then either 21—% > % (so that 2z > 1, or = > 1), or —(2z — %) > % (so that —2z > %,
or z < —1). The solution is the union of (—oo, —1y and (3§, 0).

If0 < |z —1] <05, then 0 < |z — 1] (so that = # 1) and |r — 1] <05 (sothat 1 —0.5 <z <1+05,
or 0.5 < z < 1.5). The solution is the union of (0.5, 1) and (1,1.5).

Since |4 — 2z| > 0 > —1 for all z, the given inequality is equivalent to {4 — 2z < 1, so that —1 <
4—2x < lor -5 < -2z < -3,0r % >r > % The solution is (%, %)

If |x —a] < d, then —d§x~agd,soa—d§w§a+d. The solution is [a — d,a + d]. —

695  /69)°% 54

o (‘5“5) ~ 2.498407507 x 10 o
221907

L 991907897 _ 99110 -y 9 779218787 x 102

921897

(0.123)%°%° (0_ 123

9000
= 22 9034120564 x 105
(0.125)%000 0,125) o6 %
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a 1 B 1 25,000 + /24,995
T /25,000 — /24998 /25,000 — /24,998 /25,000 + /24,998
_ /25,000 + /24,998 1
= o500 _ 24998 5(«,/25,000 + 1/24,998)
b. Probably the latter, since it involves no division by small numbers.

We desire all z such that |z—12{4+]x—13} > 4. If z > 13, then the inequality becomes x—12+z—~13 > 4,
that is, 2¢ > 4425 = 29, so z > 14.5. If z < 12, then the inequality becomes —(z —12) — (z —13) > 4,
that is, 2z >4 — 25 = —21, so = < 10.5. Finally, if 12 < z < 13, then |z — 12| < 1 and |z — 13| < 1,
so |z — 12| + |z — 13| < 4. Consequently the solution is the union of {—co, 10.5) and (14.5, c0).

by L
7’

\
10.5 145

T

We desire all = such that [x—2| < 2|z —~3|. Ifz > 3, then the inequality becomes z—2 < 2(z—3) = 2z 6,
that is, 4 < z. If z < 2, then the inequality becomes —(z —2) < —2(x —3), that is, —x +2 < -2z + 6,
so that z < 4. Finally, if 2 < z < 3, then the inequality becomes x — 2 < —2(x — 3} = —2 + 6, that
is, 3z < 8, 0r x < %. Thus the solution is the union of (4,00), (—00,2| and (2, §), which is the union
of (—o0, &) and (4, c0).

Yes, because if x > 5, then 22 > 25.
Yes, because if z < 0, then 23 < 0, and if 0 < = < 5, then 0 < 2% < 125.
No, because if 0 <z <1, then 1/z > 1 > =.

a. Ifx <0, thenwehavez <0 <z? soz <z Ifz>1,thenz’ =z .z >x-1=2

b. If0<z<l,thenz’=z-2<z-1==z

a. Ifa>0andb>0 (or a <0 and b <0), then |abl = ab = |a|}p|. [fa > 0 and b <0 (or a <0 and
b > 0), then {ab] = —{ab) = |a||b]. In either case, |ab| = |a]||b].

b. If & > 0, then b = |b| > —{b]. If b < O, then ~b = |b] > —|b], so & = —[b] < [b]. 1n either case,
—Jol b < bl

c. la—bl = {(~=1)(b—a)| = |-1||b—a| = b — al.

a. By (9), [b|+1c] > |bte], sole| > [bte|—lbl. 1fc =a—b, then ja—b] = |c| > |b+(a—b)|—b| = la}—[b].

b. Interchanging the roles of @ and b in (a), we have |b —a| > |b] — |a]. From (6), |b—a| = {a —b].
Thus |a — b} > |b] — lal.

. Since Ha] - lb” = la] — [b] or |]a| - [b” = —(la] — [B]) = |b| — |a], we have from (a) and (b} that
la —b] 2 [la] — bl}.
(lal + 1B1)* = la]® + 2lal|b] + [b]2 = a® + 2jab] +- 6% > a® + 2ab + b = (a + b)® = |a + b|?, with equality
holding if and only if |ab| = ab. But |ab] = ab if and only if ab > 0. Thus (|a| + [b])? = la +[%, and
hence |a| + |b] = {a + b}, if and only if ab > 0.

9
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84. Ifa <b, thena+a <a+b<bibsoa<(atb)/2<b Also {(a+ b)/2 is the midpoint of the interval

[a, b
85. 1f0 < @ < b, then 0 < (1/5/2 ~ /af2)? = (b/2—2\/ab/4+a/2) = {(a+b)/2 - Vab}, so Vab < (a+b)/2.
Also a = Ve? < Vab.

86. If 1/h = 1(1/a+ 1/b) = 5{(a + b)/ab], thert b = 2abf{a -+ b). By Exercise 84,";{< (a+b)/2 < b, so
1/b <2/(a +b) < 1/a, and thus a =ab-1/b < 2abf{a+b)=h <ab-1/a=0b.

87. If 0 < @ < b, then a = yaa < Vb, so —2a > —2Vab, and thus (Vb— Va2 =b—-2Vab+a <
b — 2a -+ a = b — a. Consequently Vb —a<Vb—a.

88. Assume V2 = p/q, where p and q are integers such that at most one of them is divisible by 2. Then
2 = p?/q?, or p? = 2¢%. Thus 2 divides p”, so 2 divides p—say p = 2a. Then 2¢> = p? = 40?, s0
we have ¢ = 20%. Thus 2 divides ¢* and hence ¢q. Therefore 2 divides p and g, contradicting our
assumption. Consequently /2 is irrational. -

89. Assume /3 = p/q, where p and q are integers such that at most one of them is divisible by 3. Then

= 2/q2 or p® = 3¢2. Thus 3 divides p?, so 3 divides p—say p = 3a. Then 3¢% = p? = 94%, so we

have ¢> = 3a%. Thus 3 divides ¢? and hence q. Therefore 3 divides both p and g, contradicting our
assumption. Consequently /3 is irrational.

00. a. Since the area equals 2y, the desired inequality is zy < 10.
b. Since the perimeter equals 2z 2y, the desired inequality is 2z + 2y > 47.

'91. Let a and b be adjacent sides of the rectangle. Then P = 2(a+b). By Exercise 85, Vab < (a+b)/2;80 ...
ab < [(a + b)/2]? = (P/4)*. But ab is the area of the rectangle, whereas (P/4)? is the area of a square
with perimeter P,

02. The radius of the circle is P/{2r), so the area A of the circle is given by Ac = n[(P/2m))? = P?/(4x).
But the area Ag of the square is given by Ag = (P/4)? = P?/16. Since 4w < 16, we have As < Ac-

93. If Ag is the area of a rectangle of perimeter P, and Asg the area of a square of perimeter P, then by
Exercise 91, Ap < Ag. If Ac is the area of a "qircle of circumnference (perimeter) P, then by Exercise
92, Ag < Ac_ Thus Ar < Ac< !

1.2 Points and Lines in the Plane
y _ _
(_1’3). 3

(0,001 * (49

(-2,12) \ (L -1)

10

. _——
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