
Lai et al, Introduction to Continuum Mechanics 
 

Copyright 2010, Elsevier Inc 
2-1 
 

CHAPTER 2, PART A 
 

2.1 Given  

[ ]
1 0 2 1
0 1 2  and 2
3 0 3 3

ij iS a
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥⎡ ⎤ = =⎣ ⎦ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

 

Evaluate (a) iiS , (b) ij ijS S , (c) ji jiS S , (d) jk kjS S  (e) m ma a , (f) mn m nS a a , (g) nm m nS a a  
------------------------------------------------------------------------------- 
Ans. (a) 11 22 33 1 1 3 5iiS S S S= + + = + + = .  

(b)  2 2 2 2 2 2 2 2 2
11 12 13 21 22 23 31 32 33ij ijS S S S S S S S S S S= + + + + + + + + =  

1 0 4 0 1 4 9 0 9 28+ + + + + + + + = .    
(c) ji jiS S = ij ijS S =28. 
(d) 1 1 2 2 3 3jk kj k k k k k kS S S S S S S S= + +  

11 11 12 21 13 31 21 12 22 22 23 32 31 13 32 23 33 33S S S S S S S S S S S S S S S S S S= + + + + + + + +

( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( )1 1 0 0 2 3 0 0 1 1 2 0 3 2 0 2 3 3 23= + + + + + + + + = . 

(e) 2 2 2
1 2 3 1 4 9 14m ma a a a a= + + = + + = . 

(f) 1 1 2 2 3 3mn m n n n n n n nS a a S a a S a a S a a= + + =  

11 1 1 12 1 2 13 1 3 21 2 1 22 2 2 23 2 3 31 3 1 32 3 2 33 3 3S a a S a a S a a S a a S a a S a a S a a S a a S a a+ + + + + + + +  
( )( )( ) ( )( )( ) ( )( )( ) ( )( )( ) ( )( )( ) ( )( )( ) ( )( )( )
( )( )( ) ( )( )( )
1 1 1 0 1 2 2 1 3 0 2 1 1 2 2 2 2 3 3 3 1

0 3 2 3 3 3 1 0 6 0 4 12 9 0 27 59.

= + + + + + +

+ + = + + + + + + + + =
 

(g) nm m nS a a = mn m nS a a =59. 
__________________________________________________________________ 
2.2 Determine which of these equations have an identical meaning with 'ji ija Q a= . 

(a) 'mp pma Q a= , (b) 'qp qpa Q a= , (c) 'nm m na a Q= . 
------------------------------------------------------------------------------- 
Ans.  (a) and (c)  
__________________________________________________________________ 
2.3 Given the following matrices 

[ ]
1 2 3 0
0 , 0 5 1
2 0 2 1

i ija B
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥⎡ ⎤= =⎣ ⎦⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

 

Demonstrate the equivalence of the subscripted equations and corresponding matrix equations in 
the following two problems.  
(a) [ ] [ ][ ] and i ij jb B a b B a= = ,   (b) [ ] [ ][ ]T and ij i js B a a s a B a= =  
------------------------------------------------------------------------------- 
Ans. (a) 

( )( ) ( )( ) ( )( )1 1 11 1 12 2 13 3 2 1 3 0 0 2 2i ij j j jb B a b B a B a B a B a= → = = + + = + + =

2 2 21 1 22 2 23 3 3 3 31 1 32 2 33 32, 2j j j jb B a B a B a B a b B a B a B a B a= = + + = = = + + = . 
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[ ] [ ][ ]
2 3 0 1 2
0 5 1 0 2
0 2 1 2 2

b B a
⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= = =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

.  Thus, [ ] [ ][ ] gives the same results as i ij jb B a b B a= =  

 (b)   

( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

11 1 1 12 1 2 13 1 3 21 2 1 22 2 2 23 2 3

31 3 1 32 3 2 33 3 3 2 (1)(1) 3 (1)(0) 0 (1)(2) 0 (0)(1)

5 (0)(0) 1 (0)(2) 0 (2)(1) 2 (2)(0) 1 (2)(2) 2 4 6.

ij i js B a a B a a B a a B a a B a a B a a B a a

B a a B a a B a a

= = + + + + + +

+ + + = + + +

+ + + + + = + =

 

and [ ] [ ][ ] [ ] [ ]T
2 3 0 1 2

1 0 2 0 5 1 0 1 0 2 2 2 4 6
0 2 1 2 2

s a B a
⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= = = = + =⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

. 

__________________________________________________________________ 
2.4 Write in indicial notation the matrix equation (a) [ ] [ ][ ]A B C= , (b) [ ] [ ] [ ]TD B C=  and (c) 

[ ] [ ] [ ][ ]TE B C F= . 
------------------------------------------------------------------------------- 
Ans. (a) [ ] [ ][ ] ij i m m jA B C A B C= → = ,   (b)[ ] [ ] [ ]T

ij mi mjD B C A B C= → = .   

(c) [ ] [ ] [ ][ ]T
ij mi mk kjE B C F E B C F= → = . 

__________________________________________________________________ 

2.5 Write in indicial notation the equation (a) 2 2 2
1 2 3s A A A= + +  and (b) 

2 2 2

2 2 2
1 2 3

0
x x x
φ φ φ∂ ∂ ∂
+ + =

∂ ∂ ∂
. 

------------------------------------------------------------------------------- 

Ans.  (a) 2 2 2
1 2 3 i is A A A A A= + + = .    (b) 

2 2 2 2

2 2 2
1 2 3

0 0
i ix xx x x

φ φ φ φ∂ ∂ ∂ ∂
+ + = → =

∂ ∂∂ ∂ ∂
. 

__________________________________________________________________ 
2.6 Given that =i j i jS a a and =ij i jS a a′ ′ ′ , where =i mi ma Q a′ and =j n j na Q a′ , and  ik jk ijQ Q δ= . 

Show that =ii iiS S′ . 
------------------------------------------------------------------------------- 
Ans. = = = = =ij mi m n j n mi n j m n ii mi ni m n mn m n m m mm iiS Q a Q a Q Q a a S Q Q a a a a a a S Sδ′ ′→ = = . 
__________________________________________________________________ 

2.7 Write i i
i j

j

v v
a v

t x
∂ ∂

= +
∂ ∂

 in long form. 

------------------------------------------------------------------------------- 
Ans.  

1 1 1 1 1 1
1 1 2 3

1 2 3
1 j

j

v v v v v vi a v v v v
t x t x x x

∂ ∂ ∂ ∂ ∂ ∂
= → = + = + + +

∂ ∂ ∂ ∂ ∂ ∂
. 

2 2 2 2 2 2
2 1 2 3

1 2 3
2 j

j

v v v v v vi a v v v v
t x t x x x

∂ ∂ ∂ ∂ ∂ ∂
= → = + = + + +

∂ ∂ ∂ ∂ ∂ ∂
. 

3 3 3 3 3 3
3 1 2 3

1 2 3
3 j

j

v v v v v vi a v v v v
t x t x x x

∂ ∂ ∂ ∂ ∂ ∂
= → = + = + + +

∂ ∂ ∂ ∂ ∂ ∂
. 

__________________________________________________________________ 

Download full file from buklibry.com

Full file at  https://buklibry.com/download/solutions-manual-for-introduction-to-continuum-mechanics-4th-edition-by-michael-lai/



Lai et al, Introduction to Continuum Mechanics 
 

Copyright 2010, Elsevier Inc 
2-3 
 

 
2.8 Given that 2ij ij kk ijT E Eμ λ δ= + , show that  

(a) ( )22ij ij ij ij kkT E E E Eμ λ= + and (b) ( )22 24 (4 3 )ij ij ij ij kkT T E E Eμ μλ λ= + +  
------------------------------------------------------------------------------- 
Ans. (a) 

2(2 ) 2 2 2 ( )ij ij ij kk ij ij ij ij kk ij ij ij ij kk ii ij ij kkT E E E E E E E E E E E E E E Eμ λ δ μ λ δ μ λ μ λ= + = + = + = +  
(b) 

 ( ) ( )

( )

2

2 22 2 2

22 2

(2 )(2 ) 4 2 2

4 2 2

4 (4 3 ).

ij ij ij kk ij ij kk ij ij ij ij kk ij kk ij ij

kk ij ij ij ij ii kk kk ii kk ii

ij ij kk

T T E E E E E E E E E E

E E E E E E E E

E E E

μ λ δ μ λ δ μ μλ δ μλ δ

λ δ δ μ μλ μλ λ δ

μ μλ λ

= + + = + +

+ = + + +

= + +

 

__________________________________________________________________ 
2.9 Given that =i ij ja T b , and  =i ij ja T b′ ′ ′ ,  where =i im ma Q a′ and =ij im jn mnT Q Q T ′ . 
(a) Show that im mn n im jn mn jQ T b Q Q T b′ ′ ′=  and  (b) if =ik im kmQ Q δ , then ( ) 0kn n jn jT b Q b′ ′ − = . 
------------------------------------------------------------------------------- 
Ans. (a) Since =i im ma Q a′  and =ij im jn mnT Q Q T ′ , therefore, =i ij ja T b → . 

im m im jn mn jQ a Q Q T b′ ′=    (1),    Now, = =i ij j m mj j mn na T b a T b T b′ ′ ′ ′ ′ ′ ′ ′→ = , therefore, Eq. (1) becomes 

i m m n n i m j n m n jQ T b Q Q T b′ ′ ′= .  (2)  

(b) To remove imQ from Eq. (2), we make use of =ik im kmQ Q δ by multiplying the above equation, 
Eq.(2)  with ikQ . That is,   

ik im mn n ik im jn mn j km mn n km jn mn j k n n jn k n jQ Q T b Q Q Q T b T b Q T b T b Q T bδ δ′ ′ ′ ′ ′ ′ ′ ′ ′= → = → =

( ) 0k n n jn jT b Q b′ ′→ − = . 
__________________________________________________________________ 
 

2.10 Given  [ ] [ ]
1 0
2  and 2
0 3

i ia b
⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥= =⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

 Evaluate [ ]id ,  if k ijk i jd a bε= and show that this result is 

the same as ( ) kkd = × ⋅a b e . 
------------------------------------------------------------------------------- 
 
Ans.   k ijk i jd a bε= →  

1 1 231 2 3 321 3 2 2 3 3 2

2 2 312 3 1 132 1 3 3 1 1 3

3 3 123 1 2 213 2 1 1 2 2 1

(2)(3) (0)(2) 6

(0)(0) (1)(3) 3

(1)(2) (2)(0) 2

ij i j

ij i j

ij i j

d a b a b a b a b a b

d a b a b a b a b a b

d a b a b a b a b a b

ε ε ε

ε ε ε

ε ε ε

= = + = − = − =

= = + = − = − = −

= = + = − = − =

 

Next,  ( ) ( ) ( )1 2 2 3 1 2 32 2 3 6 3 2= = − +a b e + e e + e e e e× × . 

( ) ( ) ( )1 1 2 2 3 3 6,     3,    2d d d= ⋅ = = ⋅ = − = ⋅ =a b e a b e a b e× × × . 
__________________________________________________________________ 
2.11 (a) If 0ijk ijTε = , show that ij jiT T= , and  (b) show that ij ijkδ ε =0 
------------------------------------------------------------------------------- 
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Ans.  (a) 1 231 23 321 32 23 32 23 32  1,   0 0ij ijfor k T T T T T T Tε ε ε= = → + = → − → = . 

2 312 31 132 13 31 13 31 13  2,   0 0ij ijfor k T T T T T T Tε ε ε= = → + = → − → = . 

3 123 12 213 21 12 21 12 21  3,   0 0ij ijfor k T T T T T T Tε ε ε= = → + = → − → = . 

(b) ( )( ) ( )( ) ( )( )11 11 22 22 33 33 1 0 1 0 1 0 0ij ijk k k kδ ε δ ε δ ε δ ε= + + = + + = . 
__________________________________________________________________ 
2.12 Verify the following equation: ijm klm ik jl il jkε ε δ δ δ δ= − .    
(Hint): there are 6 cases to be considered (i) i j= , (2) i k= , (3) i l= , (4) j k= , (5) j l= , and (6) 
k l= .   
------------------------------------------------------------------------------- 
 
Ans.  There are 4 free indices in the equation. Therefore, there are the following 6 cases to consider: 
(i) i j= , (2) i k= , (3) i l= , (4) j k= , (5) j l= , and (6) k l= .  We consider each case below 
where we use LS for left side, RS for right side and repeated indices with parenthesis are not sum: 
(1) For ( )( ) ( ) ( ) ( ) ( ),   LS= 0,   0.i i m klm i k i l i l i ki j RSε ε δ δ δ δ= = = − =  
(2) For i k= ,  ( ) 1 ( ) 1 ( ) 2 ( ) 2 ( ) 3 ( ) 3 ( )( ) ( ) ( )LS= ,     i j i l i j i l i j i l i i jl i l j iRSε ε ε ε ε ε δ δ δ δ+ + = −  

0        if  
LS=RS = 0  if  

1  if 

j l
j l i
j l i

≠⎧
⎪ = =⎨
⎪ = ≠⎩

. 

(3) For i l= ,  ( ) ( ) ( ) ( ) ( )( )LS= ,     i jm k i m i k j i i i jkRSε ε δ δ δ δ= −  

0        if  
LS=RS = 0  if  

1  if 

j k
j k i
j k i

≠⎧
⎪ = =⎨
⎪− = ≠⎩

 

(4) For j k= ,  ( ) ( ) ( ) ( ) ( )( )LS= ,     i j m j lm i j j l il j jRSε ε δ δ δ δ= −  

0        if  
LS=RS = 0  if  

1  if 

i l
i l j
i l j

≠⎧
⎪ = =⎨
⎪− = ≠⎩

 

(5) For j l= ,  ( ) ( ) ( )( ) ( ) ( )LS= ,     i j m k j m ik j j i j j kRSε ε δ δ δ δ= −  

0        if  
LS=RS = 0  if  

1  if 

i k
i k j
i k j

≠⎧
⎪ = =⎨
⎪ = ≠⎩

 

(6) For k l= ,  ( )( ) ( ) ( ) ( ) ( )LS= =0,     0ijm k k m i k j k i k j kRSε ε δ δ δ δ= − =  
__________________________________________________________________ 
2.13 Use the identity ijm klm ik jl il jkε ε δ δ δ δ= − as a short cut to obtain the following results: 
( ) 2ilm jlm i ja ε ε δ=  and (b) 6ijk ijkε ε = . 
------------------------------------------------------------------------------- 
Ans.  (a) 3 2ilm jlm i j ll il lj i j i j i jε ε δ δ δ δ δ δ δ= − = − = . 
(b) (3)(3) 9 3 6ijk ijk ii jj i j ji iiε ε δ δ δ δ δ= − = − = − = . 
__________________________________________________________________ 
2.14 Use the identity ijm klm ik jl il jkε ε δ δ δ δ= − to show that  ( ) ( ) ( )× × ⋅ − ⋅a b c = a c b a b c . 
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------------------------------------------------------------------------------- 
Ans. ( ) ( ) = ( )m m ijk j k i ijk m j k m ia b c a b cε εa b c = e e e e× × × ×  
= ( ) =ijk m j k nmi n ijk nmi m j k n jki nmi m j k na b c a b c a b cε ε ε ε ε ε=e e e

( )jn km jm kn m j k n jn km m j k n jm kn m j k na b c a b c a b cδ δ δ δ δ δ δ δ= − = −e e e
( ) ( )k n k n j j n na b c a b c= − = ⋅ − ⋅e e a c b a b c . 

__________________________________________________________________ 
2.15 (a) Show that if ij jiT T= − , 0ij i jT a a =  and (b) if ij jiT T= − , and ij jiS S= , then 0ij ijT S =  
------------------------------------------------------------------------------- 
Ans. Since ij i j ji j iT a a T a a=  (switching the original dummy index to i j and the original index 
  to j i ), therefore 2 0 0ij i j ji j i ij j i ij i j ij i j ij i jT a a T a a T a a T a a T a a T a a= = − = − → = → = . 
(b) ij ij ji jiT S T S= (switching the original dummy index to i j and the original index   to j i ), 
therefore, 2 0 0ij ij ji ji ij ji ij ij ij ij ij ijT S T S T S T S T S T S= = − = − → = → = . 
__________________________________________________________________ 
2.16 Let ( ) ( )/2 and / 2ij ij ji ij ij jiT S S R S S= + = − , show that ,   ij ji ij jiT T R R= = − ,  

and   Rij ij ijS T= + . 
------------------------------------------------------------------------------- 
Ans.  ( ) ( )/ 2  / 2ij ij ji ji ji ij ijT S S T S S T= + → = + = . 

( ) ( ) ( )/ 2 / 2 / 2ij ij ji ji ji ij ij ji ijR S S R S S S S R= − → = − = − − = − . 

( ) ( )+ = /2+ / 2ij ij ij ji ij ji ijT R S S S S S+ − = . 

__________________________________________________________________ 
2.17 Let 1 2 3( , , )f x x x  be a function of 1 2 3, ,and x x x  and 1 2 3( , , )iv x x x  be three functions of 

1 2 3, ,and x x x . Express the total differential and idf dv in indicial notation. 
------------------------------------------------------------------------------- 

Ans. 1 2 3
1 2 3

i
i

f f f fdf dx dx dx dx
x x x x
∂ ∂ ∂ ∂

= + + =
∂ ∂ ∂ ∂

.  

1 2 3
1 2 3

i i i i
i m

m

v v v vdv dx dx dx dx
x x x x
∂ ∂ ∂ ∂

= + + =
∂ ∂ ∂ ∂

. 

__________________________________________________________________ 
2.18 Let ijA denote that determinant of the matrix ijA⎡ ⎤⎣ ⎦ . Show that 1 2 3ij ijk i j kA A A Aε=  

------------------------------------------------------------------------------- 
Ans.  1 2 3 1 11 2 3 2 21 2 3 3 31 2 3ijk i j k jk j k jk j k jk j kA A A A A A A A A A A Aε ε ε ε= + +  

123 11 22 33 132 11 32 23 231 21 32 13 213 21 12 33 312 31 12 23 321 31 22 13

11 22 33 11 32 23 21 32 13 21 12 33 31 12 23 31 22 13

11 12 13

21 22 23

31 32 33

A A A A A A A A A A A A A A A A A A
A A A A A A A A A A A A A A A A A A
A A A
A A A
A A A

ε ε ε ε ε ε= + + + + +

= − + − + −

=

 

__________________________________________________________________ 
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