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(C) 4= (_3’ 1)9 L= (1’ 4)

4ty

4

(d) zy=x+iy, z,=x-iy

L5+ *
%

2. Inequalities (3), Sec. 4, are

Rez<IRezZl<lzl and Imz<|ImzI<lzZ.

These are obvious if we write them as

x<Id<x+y* and y<Iyl<4/x?+y°.

3. Inorder to verify the inequality V2 !zl =IRezl+|Imzl|, we rewrite it in the following ways:

N24/x% +y 2 1xl + 1y,
2(x* + y?) 21 + 2xliyl +1y1%,
Ixl? =21yl + 1y 20,

(x1=1y)*=0.

This last form of the inequality to be verified is obviously true since the left-hand side is a
perfect square.
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6. The four roots of the equation z*+4 =0 are the four fourth roots of the number —4. To
find those roots, we write —4 = 4expli(x + 2krx)] (k=0,1+1,£2,...). Then

(~4)* = ﬁexpl:i(% + %75)] = A2 42 (k=0,1,2,3).
To be specific,

o =/2¢™* =\/§(cos4 +isin Z) «/5(—1— ’—1—)=1+i,

¢, =c,e™? =(1+i)i=-1+i,
¢, =¢,€ T=(1+i)(~1)=-1-i,

¢ = ¢ = (1 +i)(=i)=1-i.
This enables us to write
Z4 +4=(z—-c ) )Nz—c)z—c,)(z—¢3)
=[(z=e )z=¢y)] [z~ )z~ ¢c;)]
=[(z+D=-il[(z+D+i])-[(z-D-il[(z=-D +i]
=[Gz +1)? +1]-[z-1)* +1]
=(2* +2z+2)(2 -2z +2).

7. Let ¢ be any nth root of unity other than unity itself. With the aid of the identity (see
Exercise 10, Sec. 7),

1+z+z2+-~+z"'l=1_z (z=1),
1-z
we find that
1+c+ i+ +e™ 1—1—c=ﬂ=0.
l1-¢c 1-¢
9. Observe first that
Ut i(e+21m)]“ 1 i(-6-2km) _ 1 1(-9) z(—2k7c)
™) —['&‘/;exp—————m v exp ————m T/— -
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If the Cauchy-Riemann equations u, =v,, u, =—v, hold, then
sinxcoshy=0 and cosxsinhy=0.
The first of these equations tells us that sinx=0, or x=nn(n=0,£1,£2,...). Since

cosnm#0, it follows that sinhy=0, or y=0. Consequently, the Cauchy-Riemann
equations hold only when

z=nm (n=0%1%2,..).

So there is no neighborhood throughout which f is analytic, and this means that cosZ is
nowhere analytic.

16. (a) Use expression (12), Sec. 33, to write

cos(iz) = cos(—y +ix) = cos ycosh x —isin ysinh x
and

cos(iz) = cos(y +ix) = cos ycosh x —isin ysinh x.

This shows that cos(iz) = cos(iZ) for all z.

(b) Use expression (11), Sec. 33, to write

sin(iz) = sin(—y + ix) = —sin ycosh x —icos ysinh x
and
sin(iZ) = sin(y + ix) = sin ycosh x + icos ysinh x.

Evidently, then, the equation sin(iz) = sin(iZ) is equivalent to the pair of equations

sinycoshx =0, cosysinhx=0.

Since coshx is never zero, the first of these equations tells us that siny=0.
Consequently, y=nn (n=0,£1,%£2,...). Since cosnzm=(-1)"+#0, the second
equation tells us that sinhx=0, or that x=0. So we may conclude that
sin(iz) = sin(iz) if and only if z=0+inzr =nzi (n=0,£1,£2,...).

17. Rewriting the equation sinz =cosh4 as sinxcosh y+icosxsinhy = cosh4, we see that we

need to solve the pair of equations

sinxcoshy =cosh4, cosxsinhy=0
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(b) Here C:z=x(0<x<2). Then

2 2 2
fc(z‘l)dz=£(x-l)dx=[?—x] =0,

0

3. In this problem, the path Cis the sum of the paths C;, C,, C;, and C, that are shown below.

The function to be integrated around the closed path C is f(z) = me™. We observe that
C=C +C,+C;+C, and find the values of the integrals along the individual legs of the
square C.

(i) Since C,is z=x(0<x<1),

1
J. e dz = ﬂje"‘dx =e" —1.
G )
(ii)) Since Gis z=1+iy(0<y<1),
1 . x .
jc, ne"dz=nm .‘[ " Vidy = " i ! e dy=2e".
(iii) Since Gy is z=(1-x)+i(0<x<1),
j— l . l
e de=m [0~ 1ydx = me” [ e ™dx =" — 1.
0 0
(iv) Since C,is z=i(1-y) (0<y<1),
1 1
L4 ~x(l-y)i . . in
o, e *de = mfe ™ (<i)dy = mi[e™dy=-2.
0 0

Finally, then, since
J. n'e"zdz=f ne"zdz+f ﬂe"zdz+j n'e”zdz+f me™dz,
C G C, Cy C,

we find that
IC me™dz = 4(e" - 1).
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2. (b) Replacing z by z—1 in the known expansion
e=3Z (zl< o),
o n!
we have
a4 wEz=1
=y e (I2l< o).
n=0 n!
So
ef=¢le= ez (z=D) (1< o).
r=0 n!

3. We want to find the Maclaurin series for the function

_Z 1
+9 9 1+(z*19)°

fl2)=
To do this, we first replace z by ~(z* /9) in the known expansion
L Zz" (zl<)
1-z ’
as well as its condition of validity, to get

1 D
1+(z4/9)-"§ 72 (2 <+/3).

Then, if we multiply through this last equation by %, we have the desired expansion:

f@)= Z( D" (21 <3).

2n+2
n=0 3

6. Replacing z by z’ in the representation

2n+1

sinz = "z_;( )(2 D (Izl< o0),
we have

) ) o0 Z4n+2

sin(z )=n2=o(-1) G TDi (121< o).
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(b) When f(z)= ﬁ, we have

1 (1 1 1
O e Rt Otaed

Jf@dz=2miRes 5 ()= 27i0) =0.

(c) ¥ f(z)= —, it follows that —- f( )— l Evidently, then,
z

[ f@)de=2niRes - f(i) = 27i(l) = 27
=0 Z Z

4. Let C denote the circle |zl=1, taken counterclockwise.

n
. . b4 .
(a) The Maclaurin series e* = E = (Izl< =) enables us to write
n!

j exp(z+ )dz J e'e*dz = L e”‘iz—' dz = il' IC z" exp(%)dz.

(b) Referring to the Maclaurin series for e* once again, let us write
" exp(l) 3 i—l-z""‘ (n=0,12,..).
Z k=0 k' k=0 k

1. .. . .
Now the — in this series occurs when n—k=-1, or k=n+1. So, by the residue
b4
theorem,

n 1 a1 _
Lz exp(—z-)dz—Zm D! n=0,1,2,...).

The final result in part (a) thus reduces to

j exp(z+ )dz y —1—
,,_(,n!(n+l)!
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6. (a) Letus first use the branch

1
~1/2 exp(——log Z)
f@=%—= 2 (lzl>0,—§<argz<§7—r)

Z2+1 22+l 2

and the indented path shown below to evaluate the improper integral

I dx
dAx(x*+1)

y

P 0 p x
Branch cut

Cauchy's residue theorem tells us that

|, f@de+ [ f@)de+ [ f@de+ [, f)de=27iRes f(2)

[ f@de+ | f@dz=2miResf(D)- |, f@de- [, f)de.
Since
L:z=re®=r(p<r<R) and -L,:z=re"=-r(p<r<R),

we may write

J'f(z)dz+j f(z)dz:js dr —if dr =(1—i)}—i-—
“ & pVr(+1) S r(? +1) Ir(? +1)

Thus
R
. dr .
a-i) ! iy~ AR f@- [ fde= [ f@)dz.
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