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Probability: Theory and Examples

Solutions Manual

The creation of this solution manual was one of the most important im-
provements in the second edition of Probability: Theory and Examples. The
solutions are not intended to be as polished as the proofs in the book, but are
supposed to give enough of the details so that little is left to the reader’s imag-
ination. It is inevitable that some of the many solutions will contain errors. If
you find mistakes or better solutions send them via e-mail to rtd1@cornell.edu
or via post to Rick Durrett, Dept. of Math., 523 Malott Hall, Cornell U., Ithaca
NY 14853.
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1 Laws of Large Numbers

1.1. Basic Definitions

1.1. (i) A and B—A are disjoint with B = AU(B—A) so P(A)+P(B—A) = P(B)
and rearranging gives the desired result.

(ii) Let A/, = A, N A, By = A} and for n > 1, B, = A}, —U"_} A . Since the
B,, are disjoint and have union A we have using (i) and B,, C A,

P(A) =" P(Bn) <> P(An)

m=1 m=1

(iii) Let B, = A,, — An—1. Then the B, are disjoint and have USS_; B, = A,
Up _1Bm = A, so

P(A) = i P(Bn) = lim Zn: P(Bn) = lim P(A,)

n— 00
=1

(iv) AS 1 A° so (iii) implies P(AS) 1 P(A®). Since P(B¢) =1— P(B) it follows
that P(A4,) | P(A).

1.2. (i) Suppose A € F; for all i. Then since each F; is a o-field, A € F; for
each i. Suppose A1, As,... is a countable sequence of disjoint sets that are in
F; for all i. Then since each F; is a o-field, A = U,, A,, € F; for each 1.

(ii) We take the interesection of all the o-fields containing A. The collection of
all subsets of 2 is a o-field so the collection is not empty.

1.3. It suffices to show that if F is the o-field generated by (a1,b1) XX (an, by),
then F contains (i) the open sets and (ii) all sets of the form A; x - -- A,, where
A; € R. For (i) note that if G is open and = € G then there is a set of the
form (a1,b1) X -+ X (an,b,) with a;,b; € Q that contains x and lies in G, so
any open set is a countable union of our basic sets. For (ii) fix Ag,..., A, and
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16 Chapter 1 Laws of Large Numbers

6.5. Pick Ny so that if m,n > Nj then d(X,,, X,) < 2~ Given a subsequence
X, (m) Pick my, increasing so that n(my) > Nj. Using Chebyshev’s inequality
with ¢(z) = z/(1 + z) we have

P(|X7l(mk) - Xﬂ(mk+1)| > k72) S (k2 + 1)271c

The right hand side is summable so the Borel-Cantelli lemma implies that for
large k, we have | X, () — Xp(me, )| < k72 Since Y, k™2 < oo this and
the triangle inequality imply that X, (,) converges a.s. to a limit X. To see
that the limit does not depend on the subsequence note that if Xn/(m;c y = X'
then our original assumption implies d( Xy, (), Xn/(m;e)) — 0, and the bounded
convergence theorem implies d(X, X’) = 0. The desired result now follows from
(6.2).

6.6. Clearly, P(Um>nAm) > maxm,>, P(An). Letting n — oo and using (iv)
of (1.1), it follows that P(limsup A,,) > limsup P(A,,). The result for liminf
can be proved be imitating the proof of the first result or applying it to A¢,.

6.7. Using Chebyshev’s inequality we have for large n

) < var(X,,) Bn”
~ 02(EX,)? T 62(a?/2)n3

P(|X, - EX,| > éEX, = Cnpf~2

If we let ng = [k2/(2a*5)] + 1 and T} = X,,, then the last result says
P(|Ty — ETy| > §ETy,) < Ck™?

so the Borel Cantelli lemma implies T)/ETy, — 1 almost surely. Since we have
ETy4+1/ETy, — 1 the rest of the proof is the same as in the proof of (6.8).

6.8. Exercise 4.16 implies that we can subdivide X,, with large \,, into several
independent Poissons with mean < 1 so we can suppose without loss of general-
ity that A\, < 1. Once we do this and notice that for a Poisson var(X,,) = EX,,
the proof is almost the same as that of (6.8).

6.9. The events {{,, = 0} = {X,, = 0} are independent and have probability
1/2, so the second Borel Cantelli lemma implies that P(¢, = 0i.0.) = 1. To
prove the other result let ;1 = 1 ro = 2 and r,, = r,—1 + [logyn]. Let A, =
{X,, = 1for rp1y < m < r,}. P(A,) > 1/n, so it follows from the second
Borel Cantelli lemma that P(A,, i.0.) = 1, and hence ¢, > [log,n] i.0. Since
rn < nlogy, n we have

E"‘n [1Og2 n]
logy(rn) — logy n + logy logy n
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46 Chapter 2 Central Limit Theorems

2.9. Limit Theorems in Rd

9.1.

lim P(Xl STL,...,XZ',1 S?’L,XiS.I,Xi+1 S?’L,...,ngn)
lim F(n,...,n,z,n,...,n)

n—oo

where the z is in the ith place and n’s in the others.

9.2. Tt is clear that F has properties (i) and (iii). To check (iv) let G(z) =
[T, Fi(z;) and H () = [, Fi(x:)(1—Fi(z;)). Using the notation introduced
just before (iv)

d
Y sen(0)G(v) = [] Fibi) - Fi(as)
v i=1

d
> sen (0)H(v) = [[{FG:) (1 = Fi(bi) — Fi(a:)(1 — Fi(as)}
v =1

To show , sgn (v)(G(v) + aH (v)) > 0 we note

Fi(bi)(1 — Fi(bi)) — Fi(a:)(1 — F(as))
= {Fi(b;) — Fi(a:)}(1 — Fi(a;))
+ Fi(ai){(1 = Fi(b:)) — (1 — Fi(a;))}
={1—Fi(bi) — Fi(ai) }(Fi(b;) — Fi(ai))

and |1 — -Fz(bz) — Fl(al)| S 1.
9.3. Each partial derivative kills one intergal.

9.4. If K is closed, H = {2z : x; € K} is closed. So

limsup P(X,,; € K) =limsup P(X,, e H) < P(X €e H) = P(X; € K)

n—oo n—oo

9.5. If X has ch.f. ¢ then the vector Y = (X, ..., X) has ch.f.

P(t) = Eexp (ithX> =g (th)
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96 Chapter 6 Ergodic Theorems

3.5. First note that (3.3) implies ET; = 1/P(Xo = 1), so the right hand side is
P(Xo=1,T1 > n). To compute the left now we break things down according
to the position of the first 1 to the left of 0 and use translation invariance to
conclude P(Ty = n) is

=Y P(X_,=1X;=0forj€ (-mn),X,=1)

m=0

> P(Xg=1,X;=0for j € (0,m+n), Xpin=1)
m=0

:P(onlalen)

6.6. A Subadditive Ergodic Theorem

6.1. (1.3) implies that the stationary sequences in (ii) are ergodic. Exercise 3.1
implies EXg,, =Y 0 P(S1 #0,...,5, #0). Since P(S1 #0,...,5, #0) is
decreasing it follows easily that EXy ,/n — P( no return to 0 ).

6.2. (a) EL; = P(X; = Y1) = 1/2. To compute ELy let Ny = |{i < 2 :
X; = Y;} and note that Lo — Ny = 0 unless (X1, X»,Y7,Y2) is (1,0,0,1) or
(0,1,1,0). In these two cases which have probability 1/16 each Ly — N = 1 so
ELy = ENy+1/8=9/8 s0o ELy/2 = 9/16

(b) The expected number of sequences of length K is (;)22_}{ . Taking K = an
using Stirling’s formula m! ~ m™e~""/2wm without the term under the square
root we have that the above

n2n2—an

~ — a2a —a 2(1—a)oay—n
() (1 = ayny2i=am — (@ (1=a)702%)

From the last computation it follows that

1 2
— log <( n) 2‘"“) — —2aloga —2(1 —a)log(l —a) — alog2
n na

When a = 1 the right hand side is —log2 < 0. By continuity it is also negative
for a close to 1.
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