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CHAFTER I

Chapter I PROBLENS

1. (a) A= ((B,W), (F,G), (G,N), (G,C)). The sample space contains four
outcomen; an outcome itself is a 2-tuple where the first componens
reprasents the result of drawing from um cne and the sacond comf . nent
from urn two.

(b) The event space is the collection all subsets of the sample space.
There are 16 such subsets. ,
L [0 0, (3001, (8,6)), (Gw)), (6,00,
L(B.W), (8,0)), ((8,9), (G,W)), ((B,V), {c,6)}, ((8,6), (G,»)),
1(B,6), (6,6)), ((c,¥), (6,6)), ((B,%), (8,7), (G,W)),
(3,11, (3,6), (c,0)), dW), (G,W), (6,6}, ((5,6), (G,¥), (G,G)))
(c) 1/%
d4) o

2. {(a) There ar; Rany vays to describe the outcomes of this expar!iment.

For example, one could number the balls in urn ona as 1, 2, 3 red;
4 S:white; and 6 blue and those in urn two as 1 red, 2, 3 white;

and 4, S, 6 blue.

(1) Then i = ((11,(2): fp*1, ..., 6 and by " 1.6, where
ll is the number on the bLall drawn from urn | and
12 {s the number on the ball drawn from urn 2.)
Note that there are 36 outcomes of this experiment.
(11) Let A denote the event borh balls are red,
B denote the svent both balls are white, and

C denote the event both balls are blue.

Then Pboth balls same color] = PIAUBUC) » P(A) + P[B] + P[c] =
. 3 '} 3
AT T

3 y
(111) P[Al = % % T p(8].
1294 12:9°%
(b) (1) ———;;; ‘ (§39] 211,10
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o9 ) P39 ')« Idj(uy) 2 0.
. ‘ 8 e
= | , . Wete that 1iod’ ® 0, hence it sufficas to show that the first few dj'a
.
»
» ' are positive, and the remalning are negative. But dj 2 0 if and only f
, l J1ni0g (q,/ql)llol(plqzlpqu)
! (Use the result of Problem 28 for an alternats proof.)
@ ¢ 2%00) (25 oo)
1 90-
<P | 8 ‘.“ 000 + The hypergeacastric can be approximated by the bincaial
100
|
A ond the binomlal can lo turn be approximated by the normal which gives a numari-
-" 1 84l answer of approximately 1 - #(2) a -0228
G 40, bet X denote the number of defactives in the sample. Aseume that X has a
il Macalal distribution.
o B (o) PIxa)) ® 1-P(X = 0) = ) - (,9g)%0
» ! {d) Vanc P{X 2 1]lea.95; or, want P[X = 0)=2.08;
. f.00, (.9)"=1.05, or, nes29.
, Ll SRS -l by | gacv
. t . » 2 ofol ] ) (1 AL 3 ) .(T”
3 ' A% There lo & aisprint in this problem. The mean was {ntended to be 200 rather than
3 . W
P ! .l
"’! rlEsise) 2 o0, o, "a Y2 .90, whieh lnplles o ag 5074, 282 =5 39,
. B (0§ f 8 axpl-(1/2) (n/8)? Jax
'ﬂ',
r;g’z * (/)W 8 ‘[;f(x/s/57> exp[-(1/2)(x/8)2)dx
ﬂ" » 8/24/2 by recognizing that the last integral ls the variance
ﬂ“ norwmal distribution with mean ¢ and variance ‘z. vhich shows how a little
uﬂ', knowledge of probability can be an aid to integration.
! var(X] « 83(4-u)/2.
o
; : {b) Mo,
?,
o6 4 1[23n!s[e|7|a|9
2, "--Iu|§|£ T % [ [1
9 W |s1|a|ar nlirlif
¢
P
¢
4
3!
#i
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CHAPTLR III
Assune true and differentiate both sides with respect to p to obtaln the
;quallty:
) 3§t 1e - I N AR T Pt
1=k
The inequality ls verified by noting the (§41)st term of the first sum cancels
the jth term of tha second sum. Work backwards.
Let X » § of successes In first n Bermoulll trials
and Y = # of failures prior to rth success.
Note that (Xsr-1} & (V>n-r) hence F (r 1) = P{xer-1) - P(Y>n-r) » 1- Fyln-r),
8z, = (516 - (00N e 0 for A > -1,
&z2) = (vt - 26000 -0 ) EL-n A a2
= (2/A){[1/(241)] - B(2e1, Ae1)) for A > -4,
Ez}) =0 ford> -1/, '
€0z]] = (2/A%) ([1/(43+1) - WB(3Ae1, Asl) ¢ 3B(2Asl, 23+1)]) for A » -k.
The last part ia misstated. The Intent was to get two different A's,
say 11 and A)' such that 2‘l and Zh have the same skawness and kurtosls.
Ir ll. and l' are sought eo that Z‘l and 7 have kurtnaian equal tn zero,

Az
then Xlﬁ .135 and 12’:5 5.20 will work,
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L 8. (o) P xex, Yoyl = __(L&Zl
3 ! GIAFTER V i
3 8. (o) (38 - %x)/(9 - h)
» (o) o) xex) -ﬂrlxu]. htpsos ) EEhaion:
. . ¥ ' 1.' (a) ec.w[x‘l YR Xy e X,] - o? ; var[ll * X ] v.r[xz * %) 202 ;
3 LT R O e A N S R (DL Y v A% " Elay xte21. hance LK, + X0 Xy ¢ X1 = w2,
¥ o ) 1 () by y " V2 () £,0001, (y) (b) (0; - UI)/(ai + o;L
) (c) /2.
2} o, (8) LY = SLECY|X1) = f[Xe1/2] a1 . ) ?
. 3. F(x)1 (n).
] () ocovix,v) = 1112, R m-x)
4 (a) P(X nx)a _.(F)_’E'_ . i::Tl for x = 1,... ,M-Kel.

(o) 1. .
48, fpecial case of Problem 6. " K "'1 -
' (b) rcz.‘]."lzr
) (Hﬁ for z = Tyeoe H-Kepr,
z -1

. m joint density of X and Y night have two, three, or four mass points. Consider

and only If U and V are independent.
corollary of Theorea 3 on
pPage 160.

the H
case of four mass points. Lat Pyy P[x-x!; Y-yj] for 1, § » 1, 2, where (e) (x,y) {1,2) (1 3] It |
¢ 1 2:%) 3
W, ke y f:',(x.yih 3 , _I 3 ! 1) I[_ (u 1)
Write p, = p . ¢ p _ = P[xax ) e “ 3 E | 3
1 1 12 *
8 S. According to the definition of expacti
g i P[xuzl' A pactlion, 5[11] does not exist; hovever, thare Ii
; R . . b0 harw in saying ifxl] B -, £[Yl] * n/(n-1) forn » 1.
1 L]
‘ - I} . p?.l' o 1] R 6. (a) Since X ¢ max(x,Y], ExX] < £ (max(x,¥]); slallarly
‘2 P12 T Py ® Flray, . £ “"
; . E1¥] 5 Elmax(X,Y]), hence max[
L] 1] x [ ]
| e ax[E0X), £ 1Y1) « £ (max(X,¥]].
" S s 1 (b) wman[X,Y) ¢ ainl[X,Y) &« x ¢ v,
= and only |{Ff u -
| y cov[U,V] = 0 and X and Y are independent {f 7. (a) Note that X and Y are independ
| pendent and uni{forwmly distr{buted. Apply the
‘ " ecov[U,v]) = FLuv] -
[ f[ ] l[U]:[V] [} Pyy * pz.p.z . {b) Theorem B w{ll do it.
cov(U,V [} =
1w 0 implies P22 ¥ P3.P.p vhich in turn implies independenca. 8. The cdf of Z » max(X,t] {s glven
. en Ly
l 2
(1- 1 =Azz .
Hli-e )l(o._)(z)
1 1
20 £[2] * Elmax(X,¥]] f (A-Fy(2))aza| (a7M1F,07 022 - (hiedg)z 1,1 :
Re el . . S i
1 "2 *%2

' - o~ R
Xz xl R(0,2). The distribution of ()(2 - Xl)z can be found uslng Cxample 19
Sim{larly for ¥, - Y and - 2 .

y 2 1 (72 Yl) » They are independent so use Equation (25)

to find the distribution of 22 «
X, - x )2
. : ( 2 xl) + (Y2 - Yl)l.
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25.

27,

n.

.

.

-~

CHAPTER VI

Don't forgst that z1 * 22 and z2 - Zl are indepandent! Similarly for Xi *+ 22

and x2 - xl.
(b) t-distribution with 2 degrees of freedom.

(c) Chi-square with 3 degrees of froedon.
(d) F distribution with 1 and 1 degreas of frecdoa.

Note that X‘l and X2 are independent and identically diatributed chi-square
random variables with 2 degrees of freedom, so )(l/x2 has an F distribution
vith 2 and 2 degrees of fresdom.

UnJN(u.llr(llo;))

Ve I(XI-U)Q/oi s I(Xi-u)zloi - (U-u)zt(l/og) which is a difference of two

independent chi-square distributed r.v.'s, the first with o degrees of free-
doa, the second with 1 degres of freedom. The result follows using the morent

generating functlon techaique. What result does this reduca to if all °j are
vqual?

The joint distribution of (i.,f’.S’;) is easily obtalned since they are inca-
pendent. Make a transforwation and integrate out the unwanted variabla.
One could use Th;ortn 13. On the other hand, note that 72 - Yl = ]xl - X2}
and the distribution of xl - x2 is known and it is on-} to find the distri-
bution of the absolute value of a random variable.

(a) 1 - P[both less than median] = 3/4.

(b) 1 - Plall are less than median] = 1 - (1/2)",

ZIT(YL)] is wanted. r(Y%) has the same distributlon as the smallest obser-
vation of a random sanple of size n from a uniform distribution over the
Interval (0,1).

:[11] * ¥ - [(0-1)/(ne1))/T o

£ )sue [-1)/(ne)))3 o

var(1;] = vac(Y ) = 1202 0/{(ne1)%(n42)].

cov[!l.Yn] a 1201'1[(n01)2(m2)].
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35,

6.

() Ly, -13- ((n-1)/(ne1)1273 0.
verlY, Y]« 2402 (n-1)/L(a1)? (ne2) ).
n

(b) {((vlﬂn)m sy,
var[(YlQYn)/2] s 602/[(n11)(n12)])

() fly,, Y=

.,,,.[y 1] = 302/(2k+3).
ag? 2 6a?

. e for n > 2.
@ YY) >3 D (ne2)

ance 28%/n.
X is asymptotically normally alstributed with mean o and vari

an o and
The sample medlan is asymptotically normally distributad with me

: 1ler
variance 82/n by Theorem l4. HNote that the sample median has the sza

asymptotic variance. ]’n
- 1-b y-a ) -
P((Yn-a )/b <yl P[Y 5 bnyun] s () - up[(vbny ln)/( R AL
Ty 1ts.
(1 + @ and exp(-e 7) resu
{1 - uxp[%lisﬁiﬁ——— ]l . HNow lat n
(a) Similar ta Problem 34.

(b) With 6 replacing A chcose a and h as In Example 8.

th
(c) We knou that Y(n) has exact distribution that is cxponcntlal "1

(n) _
paramster nk. 5o choose a 5 0 and b = 1/n and then (Y, a )/b

tlal
has exact (and hence also llmiting) distridbution that is exponan

with parameter A.
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fu 26. Slmilar to Example S.
' CUAPTER V11T 27. The posterior distribution i3 glven In the solution of Problem 45 of Chapter VIZ.
Use it and Equatlon 21.
9. (-2.09, 2.04) for o known and (-1.9%, 2.69) for o unknown oo ot A% 4 N .
X function ls the joint distribution o setey ooked ax as
10. (b) uUse X - 1.6455. 28. The likellhood func ; 1 X
e I 5 g s 12,3 Bly‘ o
. e Q= 151 jfl (xlj'xi') /0% as your pivotal quantity. Qe~~chli-square a functlon of g; L(a.,l.,,_.yk) z ?E'i71 Y 5V 8e o8y, -
with 23 degrees of fresdoa. HLE of 1/8 i» [):Yj + (n—k)Yk]/k. Let u1 . Y‘ - '1-1' U’.anlltlv. exponential
!‘x1‘i)2/°i /“‘1) y ; p erty of exponentially
4 with parameter 8(n-1+1) using the lack of memory property
12. Use = ~F(=-1,n-1) as a pivotal quantlity, \
(I“l'hzhz}/(“'“ .distributed random variables. 6(n-1+1)U, ~ ncgative exponential with paremeter 1.
1
13.

AN,

16,

10.

19.

20.

1.

a5,

Want P[2t$//20 < 0] vhere t {s the {1-v)/2 the quantile of a t- -diatribution

-wlth 19 degrees of freedom. Write P[2t5//20 < 0] = P[(lS)S /a2 < 19(20)/'4t ],

where (19)52/02 is chi-square distributed with 19 degrees of freedom, to

complete the calculations for any y.

(a) 220//o uhere z is the (1+y)/2 quantile of a standard normal.

(b) 2¢(S)//n where t is the (1¢y)/2 quantile of a t-distribution with n-1

degraes bf freedom. See Problem 17 of Chapter VI far &(J].

Want P(2tS//n < 0/5] .95 where t is .95th quantile of a t-distribution

with n-1 degrees of freedom. Rewrite as I’[(n-l)s?lo2 < (n-l)n/lOOt’].

Want the miniaum o sucn that (n-1)n 2 ).l)l)t2

2 ]
.95,n-1%.95,n-1* B & little

ovar 300 seems to work.

Use Equation (10). (1.47, 10.03)

The first "the” should be "a”, Use Q = -I 1o¢r(x1;o) = -(1/6)I log Xi as
4 pivotal quantity.

Uss the statistical mathod and l:)(‘l as a statlstic.
(“1 * 12)17] - 0 i3 a good pivotal quantity.

The sanple slze 3eecms large enough to use Equation (18) of Example 8.

4375 ¢ 0408 for 90V,
The UMVUL of t(0) Ls a linear function of X and S. & and S are independent and

have large pample normal distrlbutions. Hence the large sample distribution of

the UXVUE (or HLE) of 1(8) s normally distributed. Use this to get an approximate

oonfldence Intreval.
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:Y * (n-k)Y aY +Y, + Y. ¢ ... Y

1 2 3 k-1
U + (U U, ) ¢ (U +0,40 ) G ong 0 (n-)nl)(u AIXPLLN ) »

* (n-k'l)Y

U, + (R-1)U,¢. .4 (n-ked)U, I (n-3+2)U,.

Also,

351 ¥

G(IY + (n-k)Y )= { 8(n-§¢1)U,, which {s & sum of k Independent negative
1m0 s

exponentially distributed r.v.'s with paraseter 1.

Use Q o O(IY‘ 0 (n-h)Yi)N

gasma (k,1l) as a pivotal quantity.

o Sl





