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96 CHAPTER 2 I LIMITS 

4. Show that the following statement is false by drawing a graph that provides a counterexample: 

If f is continuous and has a root in [a, b], then f(a) and f(b) have opposite signs. 

SOLUTION 

y 

5. Assume that f is continuous on [1,5] and that f(l) = 20, f(5) = 100. Determine whether each of the following 
statements is always true, never true, or sometimes true. 

(a) f(c) = 3 has a solution with c E [l, 5]. 

(b) f(c) = 75 has a solution with c E [1, 5]. 

(c) f(c) = 50 has no solution with c E [l, 5]. 

(d) f(c) = 30 has exactly one solution with c E [1, 5]. 

SOLUTION 

(a) This statement is sometimes true. Because 3 does not lie between 20 and 100, the IVT cannot be used to guarantee 
that the function takes on the value 3 but it may still do so. 

(b) This statement is always true. Because f is continuous on [l, 5] and 20 = f(l) < 75 < f(5) = 100, the IVT 
guarantees there exists a c E [1, 5] such that f(c) = 75. 

(c) This statement is never true. Because f is continuous on [1, 5] and 20 = f(l) < 50 < f(5) = 100, the IVT guarantees 
there exists a c E [l, 5] such that f(c) = 50. 

(d) This statement is sometimes true. Because f is continuous on [1, 5] and 20 = f(l) < 30 < f(5) = 100, the IVT 
guarantees there exists a c E [l, 5] such that f(c) = 30 but there may be more than one such value for c. 

Exercises 
1. Use the IVT to show that f(x) = x3 + x takes on the value 9 for some x in [1, 2]. 

SOLUTION Observe that f(l) = 2 and f(2) = 10. Since f is a polynomial, it is continuous everywhere; in particular 
on [1,2]. Therefore, by the IVTthereis ac E [1,2] such thatf(c) = 9. 

3. Show that g(t) = r tan t takes on the value t for some tin [O, H 
SOLUTION g(O) = 0 and g(~) = ~- g(t) is continuous for all t between 0 and~. and O < t < ~;therefore, by the IVT, 
there is a c E [O, ~]such that g(c) = t-
5. Show that cos x = x has a solution in the interval [0, l]. Hint: Show that f(x) = x - cos x has a zero in [O, l]. 

SOLUTION Let f(x) = x - cos x. Observe that f is continuous with f(O) = -1 and f(l) = 1 - cos 1 ~ .46. Therefore, 
by the IVT there is a c E [0, l] such that f(c) = c - cos c = 0. Thus c = cos c and hence the equation cos x = x has a 
solution c in [O, 1]. 

In Exercises 7-16, prove using the /VT. 

7 . .ye+ -Ve+ 2 = 3 has a solution. 

SOLUTION Let f(x) = Vx + -Vx + 2 - 3. Note that f is continuous on [0,2] with f(O) = VO+ -.../2- 3 ~ -1.59 and 

f(2) = V2 + '14- 3 ~ 0.41. Therefore, by the IVT there is a c E [0,2] such that f(c) = .ye+ Ve+ 2 - 3 = 0. Thus 
.ye+ Ve+ 2 = 3, and the equation .ye+ vc + 2 = 3 has a solution c in [O, 2]. 

9. V2 exists. Hint: Consider f(x) = x2. 

SOLUTION Let f(x) = x2. Observe that f is continuous with f(l) = 1 and f(2) = 4. Therefore, by the IVT there is a 
c E [l, 2] such that f(c) = c2 = 2. This proves the existence of -.../2, a number whose square is 2. 

11. For all positive integers k, cos x = :x!' has a solution. 

SOLUTION For each positive integer k, let f (x) = :x!' - cos x. Observe that f is continuous on [ O, ~] with f(O) = -1 

and f(~) = (~t > 0. Therefore, by the IVT there is a c E [o, ~]such that f(c) = c" - cos(c) = O. Thus cosc = c" and 

hence the equation cos x = :x!' has a solution c in the interval [ 0, ~]. 

13. 2x + 3x = 4x has a solution. 
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SECTION 3.4 I RatesofChange 151 

Further Insights and Challenges 
Exercises 47-49: The Lorenz curve y = F(r) is used by economists to study income distribution in a given country (see 
Figure 15). By definition, F(r) is the fraction of the total income that goes to the bottom rth part of the population, where 
0 ::;; r ::;; I. For example, if F(0.4) = 0.245, then the bottom 40% of households receive 24.5% of the total income. Note 
that F(O) = 0 and F(I) = I. 
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(A) Lorenz curve for the United States 
in 2010 
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(B) Two Lorenz curves: The tangent 
lines at P and Q have slope l. 

FIGURE 15 

47. ~ Our goal is to find an interpretation for F'(r). The average income for a group of households is the total 
income going to the group divided by the number of households in the group. The national average income is A = T /N, 
where N is the total number of households and T is the total income earned by the entire population. 

(a) Show that the average income among households in the bottom rth part is equal to (F(r)/r)A. 
(b) Show more generally that the average income of households belonging to an interval [r, r + l'lr] is equal to 

( F(r + ~~ -F(r))A 

( c) Let 0 ::;; r ::;; I. A household belongs to the I OOrth percentile if its income is greater than or equal to the income of 
IOOr % of all households. Pass to the limit as l'lr --t 0 in (b) to derive the following interpretation: A household in the 
IOOrth percentile has income F'(r)A. In particular, a household in the IOOrth percentile receives more than the national 
average if F'(r) > I and less if F'(r) < 1. 
(d) For the Lorenz curves L 1 and Li in Figure 15(B), what percentage of households have above-average income? 

SOLUTION 

(a) The total income among households in the bottom rth part is F(r)T and there are rN households in this part of the 
population. Thus, the average income among households in the bottom rth part is equal to 

F(r)T = F(r) . !.._ = F(r) A 
rN r N r 

(b) Consider the interval [r,r + l'lr]. The total income among households between the bottom rth part and the bottom 
r + l'lrth part is F(r + l'lr)T - F(r)T. Moreover, the number of households covered by this interval is (r + l'lr)N - rN = 
l'lrN. Thus, the average income of households belonging to an interval [r, r + l'lr] is equal to 

F(r + l'lr)T - F(r)T F(r + l'lr) - F(r) T F(r + l'lr) - F(r) 
MN = l'lr · N = l'lr A 
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196 CHAPTER 3 I DIFFERENTIATION 

In Exercises 5-8, assume that the radius r of a sphere is expanding at a rate of 30 cm/min. The volume of a sphere is 
V = 1nr3 and its surface area is 41fr2. Determine the given rate. 

5. Volume with respect to time when r = 15 cm 

SOLUTION As the radius is expanding at 30 centimeters per minute, we know that ~ = 30 cm/min. Talcing fr of the 
equation V = 11fr3 yields 

Substituting r = 15 and ~ = 30 yields 

dV = ~1f(3r2dr) = 47rr2dr 
dt 3 dt dt 

dV = 41f(15)2(30) = 270007r cm3 /min 
dt 

7. Surface area with respect to time when r = 40 cm 

SOLUTION Talcing the derivative of both sides of A = 41fr2 with respect tot yields ~ = 87rr~. ~ = 30, so 

dA = 87r(40)(30) = 96001f cm2 /min 
dt 

9. A conical tank (as in Example 2) has height 3 m and radius 2 mat the base. Water flows in at a rate of 2 m3/min. 
How fast is the water level rising when the level is 1 m and when the level is 2 m? 

SOLUTION Let V denote the volume of the water in the tank in m3, and let h denote the height of the water in the 
tank in m. Now, the volume of water in the tank can be calculated as the difference between the volume of the tank and 
the volume of the conical space in the tank above the water. The volume of the conical tank is ~1f(2)2 (3) = 41f, and the 
volume of the conical space is t1fr2(3 - h), where r and 3 - h are the base radius and the height, respectively, of the 
conical space. Note that the triangles highlighted in the figure below are similar; therefore, 3 ~h = ~-Thus, r = 2<3;h), so 

1 ( 2(3 - h))2 
4 3 v = 41f - -1f -- (3 - h) = 41f - -1f(3 - h) 

3 3 27 

Differentiating with respect to t, we obtain 

dV 4 2 ( dh) 4 2dh - = 0- -1f(3(3-h)) -- = -1f(3-h) -
dt 27 dt 9 dt 

Substituting 2 for !!Ji- and then solving for !lJf yields 

dh 9 
=----=-

dt 21f(3 - h)2 

When the water level is 1 m, the water level is rising at a rate of 

dhl 9 9 
dt h=I = 27r(2)2 = 87r ""0.3581 m/min 

when the water level is 2 m, the water level is rising at a rate of 

dhl 9 9 
dt h=2 = 27r(1)2 = 27r "" 1.4324 m/min 

In Exercises 11-14, refer to a 5-m ladder sliding down a wall, as in Figures 5 and 6. The variable h is the height of the 
ladder's top at time t, and xis the distance from the wall to the ladder's bottom. 

11. Assume the bottom slides away from the wall at a rate of 0.8 mis. Find the velocity of the top of the ladder at t = 2 s 
if the bottom is l .5 m from the wall at t = 0 s. 
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SECTION 4.7 I Applied Optimization 297 

(c) From the figure, we see that 

and 

BQ = b- (f(x)- xf'(x)), 

CQ = c - (j(x) - xf'(x)) 

PQ = ../x2 + (f(x) - (f(x) - xf'(x)))2 = ../x2 + (xf'(x))2 

Comparing these expressions with the numerator of d() I dx, it follows that ~~ = 0 is equivalent to 

PQ2 =BQ·CQ 

(d) The equation PQ2 = BQ · CQ is equivalent to 

PQ CQ 

BQ PQ 

In other words, the sides CQ and PQ from the triangle ll.QCP are proportional in length to the sides PQ and BQ from 
the triangle ll.QPB. As LPQB = LCQP, it follows that triangles ll.QCP and ll.QPB are similar. 

Seismic Prospecting Exercises 78-80 are concerned with determining the thickness d of a layer of soil that lies on top 
of a rock formation. Geologists send two sound pulses from point A to point D separated by a distance s. The first pulse 
travels directly from A to D along the suiface of the earth. The second pulse travels down to the rock formation, then 
along its suiface, and then back up to D (path ABCD ), as in Figure 41. The pulse travels with velocity v1 in the soil and 
v2 in the rock. 

A s 

FIGURE 41 

79. In this exercise, assume that v2/v1 ;:.:: ../1 + 4(d/ s)2. 

(a) Show that inequality (1) holds if sin()= vifv2 • 

(b) Show that the minimal time for the second pulse is 

2d s 
tz = -(1 - k2)1/2 + -

VJ V2 

where k = V1 /v2. 

t1 2d(l - k2)1
'
2 

(c) Conclude that - = + k. 
t1 s 

SOLUTION 

(a) If sin() = ~, then 

D 

tan()= vi 

~v~ -vi ~U~)2 
-1 

Because ?i- ;:.:: ~ 1 + 4( ~ )2, it follows that 

Hence, tan () ~ -fJ as required. 
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