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INTRODUCTION TO VECTOR ANALYSIS

5.1 VECTOR FIELDS

Vector Field F(x), a vector-valued function of a vector. If F=Vf for some function f, F is .
conserveive and f is a poleniial for F. '
Conservalion of Energy %ml « P+ F(x) = kinetic + potential energy = C.

Problems 5.1

In Problems 1-21, compute the gmdlent of the functmn
1 V(e 4y = 22+ @R ) = (2P )

- Vie+y)’ =2z +y)V(z+y) = 2e +y)(i+])

322 + i)

3

5. Veos(z —y) = —sin{z —y)V(z — y) = —sin{z — y){i—})
7. Yy tan(y - z)] = —y sec*(y — x)i+ [tan(y — =) + y sec*(y — z)]j
3

. Vsec{z + 3y) = sec{z + 3yjtan(z 4+ 3y)V(z + 3y) = sec(z + Jy)tan{z + 3y)(i+ 33)
2 2 2 2
il f= ;2—;;2 —1- ;i 2= $22i2y2 ~ _ [(ﬁzfﬁ)_‘? 2]+ {-(:c;iw:?f L2 = ($24f1;2)2_[yi— 2]
13. V(xz +y2 +z2)1/2 :%(mz +y2 + zz)—1/2v($2 +y2 +22) — (xz +y2 +22)_1/2($i+yj + zk)
15. Vsin # cos ¥ tan 7 = cos @ ¢os i tan zi —sin z sin y tan zj -+ sin z cos y sec?zk
17. Vielny—zlnae) =(lny—z/2)i+ (2/y)j —In zk
19, V[(y — 2)e® 2] = P2y )i (14 2y~ 2005 + (-1 + By — 32)K]

(z— 1)+ 47

21. Vin =3V {lal(e - 1)+ ¥’ ~Inf(z + 1) + 47} ,
($+1)2+y2 U S A A N R T )
R Y b o & = % Y T h A
:[ .’E’“—l _ $+1 ]1+[ K _ Y '|j vvﬁkkl_e—(_ghhﬂ‘
1)2_|_y2 ($+1)2+ 2 ( )2+y2 (3’+1)2+y2] ‘*@,ﬁzfé“‘::‘\i\ tf'”
[(x—l)(m + + 1+ 2z) — (g4 )22+ 4° —}—1—2;1:)] YA L x
(e =143z + 17+ 7] N T
Pyl 2 (2Pt +1-2),  202?—y? )it ey A DA
[z = 1" +¥7l(z +1)" + o) (=~ 1% + 7]z + 1) + 4] NEORE DRSS

The figure shows %V f, which is unbounded near { £ 1,0).
23. Show that 33+ zj is conservative. b —Vi{—zy)=yi+aj

25. Show that —ax/1x(f is conservative,
> If k=2, then —V[la In(z? 4+ y? + )] = —elzi+yi+ B /(22 4+ v? + 2%) = —ex/|x . Otherwise

~Via(e® +y7 + 2 = [22(1 - 10/ (2 — Wla(ei+ i+ 2)(a? + y? + 24 TH =
27. Show that yi— xj is not conservative. » —z = fo=F=—zy+ gly) =, =
5.2 WORK AND LINE INTEGRALS

—oxf|x 4

—y which contradicts f = .

Piecewise Smooth Curve C: join a finite number of smooth curves end to end.
Work = Line Infegral W = j F(x) dx = ij(x(z)) ()t = ﬁp(m(z),y(z))x’(t) +Oa(0), y(D)y' ()}
All pargmetrizations oaf the path yield the s(;me result. See Problem 36.
EF="Ple)i+Q{y)j then j'CF(X) ~dx = JP(m)d;ﬁ: + JyQ(y)dy.
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Problems 5.2

In Problems 1-6, find the work W joules when the force F newtons in direction ¢ moves an object PQ meters.
1. F=3,0=0,P=(23),Q=(1T) > F=(3,0,d=(1,7)-(23)=(-14). W=F.d=-3

F=6 0= P=(23),Q=(-14)
F = (6 cos 37,6 sin 37) = (3ﬁ3{ —(2,3) = (=3,1). W =—6/2

F =4, § has direction 21+ 3j, P = 2 0, Q= ( -1,3)
F= 4(2 3)/+/2% 4+ 3% = (8,12)/V/13. d = (=1,3) — (2,0) = (=3,3). W = 12/+/13
In Problems 7-34, calculate W = J. F(x) dx. In Problems 27-43, W is the number of newtons

2
7. F=(oy,pe%),2=2-4,y=1,0<¢<2. W= J (2—te2 lt) (- lﬁ)dt_J (t—Q)dt_
0

7w v oee

2)2! _

9. F = (2% ¢%); Cis segment (0,0) to (2,4) => z =2t, y =41, 0<{ <1
1 1
W= J [(2t)?,(4)%) - [2,4]dt = J(4t2,16i2)-(2,4)dt = J(4t2-2+ 1612 4)dt = Jmﬁdt = 24t3L =24
0

1. F=(ay,y—z); Cissegment y = 2o —4 from (1,-2) te (2,0) > z =1, y=2{—4, 1 <i <2
2
W= J [#(21 —4),2t — 4 — 1] - [L,2}dt = J(2t2m4t,i—4)-(1,2)dt = J[(2t2-4t)1+(=:—4)2]dt
G

2 _ 2 19
- j(ztz —at-8)dt=[20 s =XE-1)-(4-1) -8 -1) =
13. F = (zy,y — z); C is unit circle counterclockwise = r = cos {, y =sin ¢, 0 <¥ < 2=
2
W= J 1T(c:os t sin ?,sin § —cos ) - (—sin ¢,cos t)dt = J[cos t sin ¢(—sin &) + (sin ¢ — cos t)cos {]dt
0

. . 2
= J (—cost sin?{ +sinicost — coszt)dt = [—lsinst + -1-81n2t - %cos tsini — li]ﬂw =

3
15, F=(ey,y—2)C; =(0,00(1,0) = e =1,y=0,0<t<1;C, =(1,0)(1,1)
=e=1Ly=,0<t<LC=(L1)00) =>e=ty=1 12120

1 1 ]
:J. (t-ﬂ,O-—t)-(l,U)dt—i—J. (1-t,t—1)-(0,1)dt+J (-1t —)(1,1)d¢
o ) 0 s 1
Jl (81 _t) '(laﬂ)dt+ J (i:t_ 1) “(Oal)dt_ J' (tz,i]) '(LUdt
0 1 1 0 i 10 1 5 X
:(}+JD (t—l)dt—JO tzdt:%(t—l)zL—%tSL _5'3‘—_6 1

—y%); Cis £%/9 + y* = 1 clockwise from (0, 1) te (0,1)

—04+0-0—m=—m

4y

=

17. F = (2 + 2y,

= y
t=3cost, y=sint, t =3r/2 to w/2.
; i
- I . //2(9 cos”t +2 sin £, —sin’t) - (=3 sin t,cos t)d? /,__,_-—»»-—@
ki
X

= J'[Q cost + 2 sin t)(—3 sin ) + (—sin’¢}cos t]dt . "
= J [27 cos?t(—sin ) — 6 sin®t ~ sin’i - cos #]dd -

:[9cos3t+35intcost—3t—%ﬁin3tEﬁ250+ﬂ+3w—%:BW—%
19, F=("TY,"7Y); C=(0,0)(1,0) = =t y=0, 0<t<1; Cy=(L0)(0,1) mz=1-1, y=1 0<i<L
' 1 1
Ca=(0,1)(0,0), 2=0,y=¢,1>t>0. W= J (!0, et 0) . (1,0)dt + J (el 71 PNy (—1, )t

0 0

0 1 i 1 1
+ J (P8 278 . (0,1)dt = J etdt + J (—e+el™*)dt — J —et-—%el_zt+e_tL
1 0 0 0

—2«=cosh1—2»

e~tdt = [et

—(e-D—e—Me—) 4 (e D)=L+ 1
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= AVARYA Ry/1 18 R/ 1 1 8 R,/f118
o. |4 Ll-1}]1 > Ryl =34 2 | R,+3R] 0 7 26 R,| 0 7 26 |ind(s)
\ 2 3748 Ry3\7-13 /) R3-TR,\ 0 —8-53/7R;+8R,\ 0 0-16
1y /3 6\ /5 R/ 1 -2 1 1 B/ 1 -2 1 1)
2O A0 g Bef 3 0 2 -2 |Ry-3r| 0 6 -1 -5 |,
i 2 pl-1p]s Ryl 0 4 -1 1 Ryl 0 4 -1 1 |6
V142 1/ Ry\5 0 3 -1 /R,~5R, \ 0 10 -2 —¢
: 1 -1,
13. Prl—=n,2 e ( 0 11 )mdependent (span)
. Ry /1 -1 0 R, /1 -1 0
1. Perl—=z, 142 2 > Ryt 1 1 ¢ Ro—Ry| 0 2 0 |independent (s)
Ra\ 0 0 1 Ry L 0 0 1
17. Py 22, 23— L 14z— 4:::3, 2% + 182 — 9 No 22 term. 4 vectors inPy= R? that don’t span aren’t independent.
N o\ f 1 Ryf 1 -10 6 R, {1 10 6
S 1-1) [~ 1 R, -1 0 3 1 |R,+R ~
19, M..: ’ ’ 9 5+ By 0 -1 3 7 |.
23(06)(3 1)(—12)’(19)3E> Rgf 1 1 ~1 2 [By—R, | 0 2 —1 —4 |ind
, | Ry\ 0 1 1 0 B, \0 1 1 0
21. C[0,1}: sin x, cos z linearly dependent < sin z = a cos 2 < tan ¢ = a, false.

Note: sin # and cos & are functionally dependent: sinx + cos®z = 1.

23 and 24. n vectors in R™ are linearly dependent < their determinant is 0.

25.

27.
definition of linear independence.

28,
31.

Find o to make the vectors dependent: {

1 2 3 1
2 hi-1L! o L0=|2
3 4 4 3

{vy vy =v3:v; =0} = ¢, =0 {v, #0}. Similarly, Cy=cg = 0.

23
—1la :3-11—a(~2)+4(~5),a=_%
4 4

— T . o '
Ac={(ay,..,a,)(cy, e )t = €3 - +e¢,a,, & linear combination of the columns. Theorem 3 is just the

This is the contrapositive of Problem 28 and hence logically equivalent.

If vy is orthogonal to v, and v, v, .L vy, and all 3 are nonzero, show that {v,,v,,v3} is linearly independent.

B ﬁ:clv1+czv2+c3v3=>O:O-VI:clvl-v1+cgv2-v1+c3v3-vl:clful

In Problems 33-37, write the solution space as the span of an independent set of vectors.
33zt tay =0 = -0y —a; 2 x= (-2, T, By, B3) = 29(—1,1,0) + 24(—1,0,1)

oy H22g - 2y =0

35.
2z +hz, e, =0

2y +2xy— xa =0

51

—13z, =10
o +bzy =0

x = 7,5(18,-6,1)

3. w4+ 28y -3y + b, =0 = x= 20(-2,1,08,0) + 24(3,0,1,0) + z4(—5,0,0,1)

38 and 39. (a) Show that u' is a subspace. {b)
P (a)vie=0and w-u=0= (av+bw) u=oav-u+bw-u=al+40=0

() w=xxy=(1,2,3)=u{d) u*

41. Two polynomials cannot span P,. See Problem 8.3.14.

Find 2 linearly independent vector x and y in (1,2,3)*.

(b) x={-21, 0), ¥y = (-3,0, 1)

is the plane I u, and the cross product is the vector 1 to the plane.

43. Show that'anya subset of a set of linearly independent vectors is independent. (Pr 29 applies to finite sets.)
b Any combination of the vectors of a subset is a combination of the vectors of the set.

44 and 45. mn -+ 1 matrices in M,,., is the saine as mn 4+ 1 vectors in R™" and hence dependent.

47. Show that in P 1,z,...,2_ are linearly independent. » et et +e,2"=0 < allthee, =0

49. By hypothesis, e,v, +eoobepv, =0 with some ¢; different from 6. Let k be the largest subscript for which
cp #F0s0 cpvy +--0 + Cp—1¥k—1 T v =0 and v, = (—cl/ck)vl 44 (_Ck—l/ck)"ic—l“
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51 and 532. Prove the results on the Wronskian and extend them to n functions.
o §(z), g(z) dependent => af(z) +bg(z) =0, a, b not both § = af'(z) +bg'(x) = 0. For each =, as a system of
equations in a, b there are nontrivial solutions so the determinant W of the coefficient matrix must(itﬁ )zero,
Conversely, suppose g is never 8. Then (f/¢) = -W(f.¢)/¢* =0 = [lg=c W(f1,...F) = det(f ;" ().

im-f'(:r) =0 = iaéfé(j)(f) =0, j=1,...,n—1. Since there are nontrivial sclutions, W must be zero. The
i=1 o =1 .

condition for the converse is that the Wronskian of some set of n— 1 functions, say fq,.... f is never 0. Then

f
f v 0
'f.i fa Y = 0 is a homogeneous linear differential equation of order n — 1 with n sclutions
fgn:—l) fn) 1)
(F1s +- o Fn_1 by equal columns, f,, by hypothesis), Hence the f; are dependent by the extension of Th. 10.7.4.
1 1 0
53. If u, v, w are linearly independent, what about u+v, u+w, v+ w7 (1) {1) i = —2 # 0 independent.
55. When are {1,a,¢%), (1,5,6%), (1,¢, ¢?) independent?
1 a a
=11 & b2 |=(b—a)c—a)c—?b)(Vandermonde) # 0 if a, b, ¢ are distinct.
1 ¢ c*
2 -1 i k -2 .
57. Extend] 1 | 3 |to 3 independent vectors.| 2 1 2 |=[-10]is orthogonal to both = independent
2 4 -1 3 4 7

50, Let u, v, w lic in the plane ax +dy+cz=d, a, b, ¢ not all 0. Since each vector lies on O, d = {. Then
an, + buy + cuy = 0, avy + bvg + cvg = 0, awy + bw,y +ewz =0 has nontrivial solations for a, b, ¢ so0

Uy Uy U Uy By W
1 Y U3 1 Y1 Wy )

vy Uy Uy |=| Uy vy wy =0 and so u, v, w are linearly dependent.

Wy Wy Wa uy Vg Wy

Basis S = {¥;,...,v,,} for vector space V if 5 is linearly independent and S spans ¥.
In R™ a set of n vectors that satisfies either condition satisfies both.
9 is a basis for V if each vector in V is a unique linear combination of the vectors of 5.
V has Dimension n dim V = n: If V has a basis of n vectors, any basis of V has n vectors. dim{0} = 0.
Symmetric, Skew n X n syminetric matrices have dim %(n2 + 1); skew-symmetric, dim %(n2 —n) See Pr. 26
Infinite Dimensional P has the basis 1, z, 2%, 22, ..., but a basis for C[0, 1] requires Zorn’s lemma (App 6).

Problems 8.5

In Problems 1-16, determine if the set is a basis for the space H.
& If the number of vectors is correct then we need only show independence o7 span.

L. Pyr 1~ 2,z > dim P, = 3; not a basis

3. Py -1, -2, 4 —3 B can’t span without z term

5. Pg: 3, 2° — 4z +6, o p dim P, = 4; not a basis

T. Myy: ( g g ), ( g g ), ( 2 g ), ( g g ) > basis. Independent since abed # 0.

9. H={(z,y): e +y =0} (1,-1) b basis. 1 nonzerc vector is independent

Tn Problems 11-14, find a basis in R3 for the subspace.
11. The plane 2z —y—2=19 > {1,2,0), (1,0,2)

8.5 BASIS AND DIMENSION !

I

I
fn—] ¥ ‘

|

13. The line /2 = y/3 = z/4 > (2,3,4)
15, Find the proper subspaces of R3. > The dimension can be 1 (line on O) or 2 (plane on O).
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(b)y”’ 2y’-4y—e_”’tana:.A3—2A—4:()«—-2)(;\2+2)\+2)z(A—E)[(,\+1)2-§-1]. 5.y =o/IT45% (1) =0,end =3, h= .4 =z dz,sinh 'y =322+ C. y(1) =0 =>0=5+C.
y ¥, Yo = e “cos z, y; = e~ Tsin z. The equations are 1 I+y
]2 L e —p s ; y= smh(-—a: —2).
+ & %(cos x)c, + e %(sin x)cy =0 . 1 z 14 18 59 96 3.0
262%1 — e *(cos z +sin T)cy’ + e~F(—sin & + cos x)ey =0 . ‘ H ' ,
4e¥e! 9 F(sin)e, -9 (cos z)c RN Vg 0 0.4 1.00 2.02 4.01 8.3
1 2 ST =¢ ten# 1 1 0 YrE 0 0.502 1.358 3.178 7.864 21.87
The determinant is W = Ce /9% {Problem 22} = Ce/%% = C. Let s =0tofind W=| 2 -1 1 |=10 y 0 0.49867 136925  3.3342  8.8456  27.027
RK
4 0 -2 Y 0 0.49865 1.36929 3.3372 8.8791 27.290
—x - .
10c.! = =% € TCos & e “sinzx _ 3% cos & sin & ¥ _ 1 — — I N T
0cy” = e “lan g —e(cos & +5in 7) ¢~ %(—sin @ + cos ¢) e %tan oS T —sinT —sin z 4 cos T 7. ¥ 2.52%y3, y(1) = \/_ 0.7071, end = 2, kA =.125. Bernoulli: y >y = y ¢ 2.52% z=y""%,
10 _ — _ _ _ _ ”
e ¢ :%Ole—sztan 2 dz, nonelementary. —z?z =x w2522 2+ 2%V = 522, IF = 2%, (2 4+ 20~ 1% = bat, 22’ = 540 x()=2=2=14+C,
z 5 z
2 — . . =4l y= .
l(}cz’ = —e “tan z ; ;m e € "sin z = —tan ¥ é . szﬁn z yz ’ Ve +1
- _tan o(—3 sin & 1 cos ) = 3(1 — cos’a) /(E(;S;n_:”s‘;;fos_"”é . TSI @ oo z 1 1125 1250  1.375 1500 1625  L750  1.875  2.000
¢y = 73 Infsec z + tan 2]— sin 2 + cos 2], FE oS T mCos TSI . Vg 0.707  0.685  0.634 0573  0.514  0.461  0.416 0377  0.343
T Vig §.7071 0.6705 0.6196 0.5648 0.5120 0.4636 0.4205 (.3826 0.3494
100 = &=% e** e Fcos z 4 1 coS & YRi 0.70711  9.67205 0.62097 0.56535 0.51188 0.46276 0.41938 0.38136 0.34816
3 262 x(ctis £ +sin :B) an & 2 —sin © + cos & i 0.70711  0.67207 0.62100 0.56837 0.51158 0.46276 0.41937 0.38135 0.34818
;-;—secx+cosm—-3s1111x ¢3 = 351—In|sec & + tan x|+ sin & 4+ 3 cos z]. Yp= 9. ¢ = ye, y(0) =2, end =2, h= 2. dy/y = e%dz, |y =e*+C. y(0) =2 = 2=1+C. y = 2 exp(e® ~ 1).
5° '[ “3Tanxdr + e 16 “cosz{3 In|sec z-+tan z |~ sin e +cos ] + 110 Tgin g[-~In|sec z + tan z |+ sinz + 3cos 7] z 0 0.2 8.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0
Yg p 2.4 2.99 3.88 5.29 7.6 11.8 19 36 71 156
= 110 hj ~3%tan £ dz + me‘—x[(?i cos ¢ — sin z)ln|sec £ + tan x|+ 2 sin z cos = + 1]. YiE 2 2.493  3.260 4.518  6.713  10.84  19.35  38.83 8941 2414 7816
In Problems 31-33, solve the Euler equation YREK 2 2.4958  3.,2705 45504  6.8113 11.147 20.339 42.378 103.8 308.9 1165
\ . . . ; . . . 4.2 311.2 1191
31. Let z = &, 2% o + ngy” +y=[DO-1)D-)4+2D(D-1)-D+1ly= (D3 -D?_D+ 1)y = 0. y 2 2.4856  3.2706 4.5506 6.8120 11.150 20.354 42.451 10 9
P L 1 =A+DA-1)* =0, 2=-1,l.y=ac +(b+et)e’ =ar 1+ (b+eclnz)z In Problems 11-20, use the improved Euler method to graph the solution.
55, 47 467" 32y = (DD (D —2) £ (D 1) +3D-+ Ty = (0 + D4 D hy = > s somg inication of accuracy, & Runge-Kotin vith ol he givn i
)\3+J\2+/\+1—(A+1)(A +1D).y=ae" " +bcost+csin?=ar™! +bcosnz|+csinlnz| : 2_ Y yo’y - ’002 ’ 064 0.06 0.08 0.10
10.17 NUMERICAL SOLUTION OF DIFFERENTIAL EQUATIONS: EULER’S METHODS f YIE 1 1.02082  1.04343  1.06806 1.09497  1.12449
1 1.020 831 1.043 455 1.068 098 1.085032 1.124 576
Euler’s Method for dy/d = f(z,y), (%) = v, step size hi 241 = 2, 4k, Yy = Yo+ RS2y, ). Ertor = O(h). e 1 1.020 831 1.043455 1.068 009 1.095032 1.124 576
Improved Euler &y = f(z,,y,), by = flz+hky). 2y =2, + by =y, +3 h(k +ky). Error = O(R%).
Runge-Kutta k, = f(z,,v,), ky = f(z, -{—Lh, YnHhky), kg = f(z, —|—h, v, Hhk, ) .= f(:r + h,y, + hkg) 13. ¥ =z +cos(my), y(0) =0, end =2, h = 4
Zyp1 = B+ By Ynyr = Yo A2k, + 2y + 2hy + k). Brvor = O(h%). s 0 0.4 0.8 1.2 1.6 2.0
Problems 1017 - Vg 0 0.34 0.56 0.76 0.9771  1.342
roremE E YRK 0 0.3821  0.6104  0.7811  0.9777  1.3527
In Problems 1-10, use the Euler yz, and improved Euler y;5 method. 1k 0 0.3828 0.6128 0.7821 0.9785 1.3542
P Ypx is Bunge-Kutta, u is exact. We give as many decimals as needed to distinguish among the solutions. 15. o = si . _ _
_ ~ _ - = i . 3 =sin(zy), =1, end = 2m, h=w/4
Ly =z+y y0) =1 end=1, h=2 y—y=z (y-yfe =2 ye "= —ze™" — ™"+ C. y(0) =0 = x ( {)) ) 07854 15708  2.3562  3.1416  3.9270 47124 54978  6.2832
1=-1+ C’GC =%y= 2; mEmk . 6 g Lo YIE 1 1.28 1.65 1.46 1.09 0.87 0.79 0.93 0.95
® 1 1 9 1 48 1 86 :?'35 2‘98 Yri 1 1.328 1.913 1.610 1.164 0.915 $.7%4 0.542 0.771
¥ 1 1'24 1'577 2'031 2"630 3'405 : 1k 1 1.330 1.920 1.618 1.162 0.872 $.704 0.594 §.515
Yim ) ) ’ ’ ' The error of IE is 86%, of Runge is 51%, of half-Runge is only 0.5%.
YRK 1 12428 158364 204421 265104  3.43650
Y o 1 1.24281 1.58365 2.04424 2.65108 3.43656 £ 17, y = /o8 22, y(0) =1, end = 1, k= 0.1
3. ¥=37 g, y@)=lLend=1, h=-2 ¢y (z+y)=o—y yw'+ (@ +y) =2 P +ay=3"+C,y(2)=1= z 0 0.1 0.2 0.3 0.4 0.3 0.6 0.7 0.8 0.9 1.0
o0 oy= \/271 o VIE 1 1.1048 1.2197 1.3452 1.4118 1.6304 17921 1.9681 2.1599 2.3694 2.5983
pEys VR v s ) » vpre 1 110501 1.22019 134502 1.48285 1.63182 179391 197040 2.16282 2.37291 2.60265
: ' : : : . 22019 1. . . . 97040 2.1 37201 2.
Vg 1 0.033 0.870 6.811 0757 0.712 Y 1 1.10501 1.22019 1.34592 1.48285 1.63182 1.78391 1.97040 6282 2.3729 60265
¥re 1 0.9349594 0.8738649 0.8181110 0.7897801 0.7320708 z 19. ¥ =+vz+y%, y(1) =2, end =0, h = -0.2.
YREK 1 0.9349589 0.8738633 0.8181073 0.76807715 0.7320586 x 1 0.8 0.6 6.4 0.2 ]
y 1 0.9349589 0.8738634 0.8181071 0.7697716 (0.7320508 Yig 2 1.6597 1.269 1.004 0.797 0.644
YREK 2 1.594 737 1.264 495 0.998 607 9.789 608 0.635 357
yx 2 1.504 734 1.264 491 0.998 600 0.789 899 0.635 337
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232 TAYLOR POLYNOMIALS, SEQUENCES, AND SERIES

7. f(m)=$3—32+2m+3;a:0;n=8

) 0 1 2 3 4-8
f(")(m) w2 12243 327 22 +2 6z—2 6 0
F 3 2 —2/2 6/6 0
Pg(z) =3+ 2z — 2%+ 2% = f(a) (nt1)
In Problems 9-13, find a bound for |Rﬂ(:r)| . b R, (z)= f(—-:ln_-#( ~ )l
9. fz)=cos 25 @ =%7r; n=5z¢€ [0,%7r] {2 f(G)(;r:) = —cos 15
3
1 —-|= 8 o
in [0,37], | R; ]_I X ]< =55(7)° % 0.00003. In [}r,Lr], |R5| < Ls5(3m)° ~ 0.00159.
Thus | R | < 0.00159 in [0,37].
1. f(z)=e¢%a=0;n=6;z€[-Ilne, ln e]
(7) =
> 2€[-11] f7z) = &% | Ro(a) | =| £ 1< s = 0.00053
In Problems 13 and 14, use a Ta.y]or polynomial ?f degree 4 to approximate the integral and find its error.
172 2, _ [1/2 _ 25 /2 55 5 -6
13. j‘o cos xdx = L (1 ——)d;c &z~ 2 Bl =5 5.5 = 0-496875 with error < 7 5= = 0.04 %10
: n—2 1-2_ 4 2-2_ 3214215—2_3
15. Find the first 5 terms of the sequence{ e by 1, 7 =0, 3 g 5 =§
In Problems 17-18, find the general term a,, of the sequence.
1 2 3 4 5 n
7. l-2.1-1 3 _2.2-1 5 _2.3-1 7 _2.4-1 2n—~1
. 87 3 1677 o 327 95 d™ of gnt2
In Problems 18-24, determine whether the sequence is convergent or divergent. If it is convergent, find its limit.
19. {:-E—} > Converges to lim =Ty
i »co
Inn Inn _ In z fooy _ /e 2
} > Convergesto’%ﬂl;o ey i :31_1'20 1/2{ 1= a}l_ml/z —ya 11_51‘;1(’231/2 0.
23. {(1 —---) } > Converges to e~ 2 since lim (1 +x )n = ¢ for any z.
T =00
In Problems 25-32, determine if the sequence is bounded or unbounded; increasing, decreasing, or not monotonic.
25. /rcosn » unbounded, not monotonic
27. 27/(1+2™) P =1/(14+27"). bounded, 81 to 1
29. (/rn+1)/n > =1/./n+1/n. bounded, S| to §

L (n=-T)/(n+4) > =1-11/(n+4). bounded, ST to 1

In Problems 33-36, evaluate the sum.

i0 2 11
33. 5. 4% b= 4—1—% = 1,398,096, a geometric progression
k=2 -
33 /23
35. kgs[( ) (5)k] b= l(i—)g 1(5) % % 785 = }ggg, the difference of two geometric series
37. Write as a rational number 0.797979... B =.794.0079 +.060079 + ... = 1'_7991 = 9 ;3, geometric

In Problems 39-50, determine if the series converges or diverges.

39. JTc4/(%:3—5) b kPag=1/(1-5/k%) - 1. CC T 1/4°

4. ap = 1/(k3 +4)/? b B2, = 1/(1+4/8%)"2 = 1. cC T 1/K?
43. o, = 1/(k% + 50)!/3 b kay = 1/(1 450/ 5 1. DC T 1/k
45, ap = 105785 - > DNZ
VEIn(k +3) . H2In(k+3)  In(k+3)
47. B4 0. CC o 1/kH
8 = !62-{-2 P Gy = k2+2 k1+2k’_1'9 Z /
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4%. o, = RUN > k3/2ak =ebLr oD /K3

In Problems 5162, determine if the alternating series converges absolutely, conditionally, or not at all,

5i. i(_ég}c > CAZ. 37|a, ) DC 3 1/k. conditional

k=l

& (- "
' — e » CAZ. 3 |a,| DC 3 1/k. conditional
P = (B ]|

oo"—lkkz 2, _k4_ 1 4 -hsolut
55. ; 1(k42|—1 B kiak%“k4+lw1+(1/ﬁ:4) 1. CC 3 1/k* absolute
s7. QEV R4y Gt 2(E43)_ (A+2/BA+S/E) 4\ ne 717k, conditional

= (k+1)3 (k+1) k(1 +1/k)

%0 (—1)*gF Bk keke--k

=, k . N
81. :El(_l)k(l +1) > DNZ. In fact lim (141 =

2 (-1 1 1,1 1.1 1,1 o001
63. With ¢ < 0.001 sum ;?;1( ;3 > N1—2 t Bt Et R §3_09021 w1th€<10
1,1 1.1 1.1 1L _1y_ggx107*
R l-sgtgmastay Ty e = 090210, € < (6 7)

85. At what time between 9 P.M. and 18 P.M. is the minnte hand of a clock exactly over the hour hawmd? ‘
»> While the minute hand travels the 45 min. between 12 and 9, the hour hand advances 45/12 min. Whﬂ}le the
minute hand travels 45/ 12 min., the hour hand advances 45/ 122 min., etc. The two coincide at
45/(1 — &) = 58 min. = 394 min. after 9.

q1
k
Inn Problems 67 76, find the radius and interval of convergence of the power series. » R = kli»njo Trin
N (173
L R = lim = lim 3=3.)z1=3: DNZ. (-3,3)
§7. ?cz::() 3k ® k‘imo 1/3k+1 k—o0
2 1+ 1/k)% +2/k% 2
89 %0; z* P R= lim W: lim (1+1/k) 73 / =1lzl=1: CC 3 1/&% [-1,1]
T o k2—|~2 k—oo 42 k—oo 1+2/
k : ifn _ } .
71. L > R= lim1/a = lim (2Inn) = o0
k=2 {2 In k)F nooo”l R n 00
k oo
73, $3B2-5) b =3 (e-9F R=1|s—B|=1:DNz. &)
(= Sk k=0
5. 3 (—1)Fa3F > R*=1,R=1.1z|=1: DNZ. (-1,1)
k=0
In Problems 77-80, estimate the integral with specified error €. .
p» The series used are CAZ with error less than the first term omitted.
12 .2 1/2 2 1t S 5.5 5_
77. € < 0.00001. j /e dy b = JD (l—gt +§—B-)di~ b— TtE g~ T.g" 0.461272
0 5 —6
Wlth€<9 24—9.04x10 9
2 3 1/2 6 125 6 89
79. € < 0.001. Jl/ et dt > = JU ) i J (#1545 Jar
0
~ L3+ 11)7 = 0.01451 with € < 2(3)™ = 0.00005
o Lk k-+-2
81. Find the Maclaurin series for z%%. B = ml@o —i—!« = k:(}gT .
s 2 1 11 1S lk(QE) 1+2( 22
83, Find the Maclaurin series for cos”z. P = §(1 +cos 2z) = §+ 5—&- §k21 ) 25y = S(9k)]






